PRIME EXCEPTIONAL DIVISORS ON 
HOLOMORPHIC SYMPLECTIC VARIETIES AND 
MONODROMY-REFLECTIONS 

EYAL MARKMAN 

Abstract. Let A be a projective irreducible holomorphic sym- 
plectic variety. The second integral cohomology of A is a lattice 
with respect to the Beauvillc-Bogomolov pairing. A divisor E on X 
is called a prime exceptional divisor, if E is reduced and irreducible 
and of negative Beauville-Bogomolov degree. 

Let E be a prime exceptional divisor on A. We first observe 
that associated to E is a monodromy involution of the integral 
cohomology H* (A, Z) , which acts on the second cohomology lattice 
as the reflection by the cohomology class [E] of E (Theorem II. ip . 

We then specialize to the case of A, which is deformation equiva- 
lent to the Hilbert scheme of length n zero-dimensional subschemes 
of a A3 surface, n > 2. A cohomology class e € _ff 2 (A, Z) is 
called monodromy-reflective, if e is a primitive class of Beauville- 
Bogomolov degree —2 or 2 — 2n, and the class (e, •) in the dual 
lattice H 2 (X,Z)* is divisible by (e,e)/2. Let E be a prime ex- 
ceptional divisor on A. We show that [E] = e or [E] = 2e, for a 
monodromy-reflective class e (Theorem II .2[) . 

A primitive class e £ H 2 (X, Z) is Q-effective, if some non-zero 
integral multiple of e is the class of an effective divisor. There are 
many examples of monodromy-reflective classes e of Hodge type 
(1, 1), which are not Q-cffcctivc. Instead, the reflection by e is in- 
duced by a birational involution of A. We introduce monodromy- 
invariants of monodromy-reflective classes e, and use them to for- 
mulate a conjectural numerical criterion for the Q-effectiveness of 
e (Conjecture II. lip . We show that the Conjecture follows from a 
version of Torelli (Theorem ll.l2p . 
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1. Introduction 

An irreducible holomorphic symplectic manifoldis a simply connected 
compact Kahler manifold X, such that H°(X, Vl 2 x ) is generated by 
an everywhere non-degenerate holomorphic two- form [Bel^ IHul] . The 
dimension of X is even, say 2n. The second integral cohomology of X 
is a lattice with respect to the Beauville-Bogomolov pairing [Belj . A 
divisor E on X is called a prime exceptional divisor, if E is reduced 
and irreducible and of negative Beauville-Bogomolov degree |Bouj . 

1.1. A prime exceptional divisor is monodromy-reflective. When 
dim(X) = 2, then A is a Kahler K3 surface. Let E be a prime divi- 
sor of negative degree on X. Then E is necessarily a smooth rational 
curve. Its degree is thus —2. E may be contracted, resulting in a 
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surface Y with an ordinary double point QBHPVJ, Ch. III). A class 
x G if 2 (A, Z) is primitive, if it is not a multiple of another integral 
class by an integer larger than 1. Let c G H 2 (X, Z) be a primitive class 
of negative degree. Then c has degree —2, if and only if the reflection 
R c : H 2 (X, Q) -> H 2 (X, Q), given by 

(1.1) i2c(a0 = x-^^-c, 

(c, c) 

has integral values, since the lattice H 2 (X,I*) is even and unimodular. 

Druel recently established the birational-contractibility of a prime 
exceptional divisor E, on a projective irreducible holomorphic sym- 
plectic manifold X of arbitrary dimension 2n. There exists a sequence 
of flops of X, resulting in a projective irreducible holomorphic sym- 
plectic manifold X', and a projective birational morphism tt : X' — > Y 
onto a normal projective variety Y, such that the exceptional divisor 
E' C X' of 7r is the strict transform of i? (see [D] and Proposition 13.11 
below). The result relies on the work of several authors. In particular, 
on Boucksom's work on the divisorial Zariski decomposition and on 
recent results in the minimal model program |Boul IBCHMj . 

Let Ebea prime exceptional divisor on a projective irreducible holo- 
morphic symplectic manifold X. Let c be the class of E in H 2 (X,Z*) 
and consider the reflection R c : H 2 (X, Q) -> H 2 (X, Q), given by ffTTT]) . 
Building on Druel's result, we prove the following statement. 

Theorem 1.1. T7ie reflection R c is a monodromy operator. In partic- 
ular, R c is an integral isometry. Furthermore, c is either a primitive 
class or two times a primitive class. 

See Corollary 13.61 for a more detailed statement and a proof. The 
reflection R c arises as a monodromy operator as follows. Let Def(Y) be 
the Kuranishi deformation space of Y and ip : y — ► Def(Y) the semi- 
universal family. Then Def(Y) is smooth, as is the fiber Y t oi ip, over 
a generic point t G Def(Y), and the smooth fiber Y t is deformation 
equivalent to X |Nalj . Let U C DefiY) be the complement of the 
discriminant locus. R c is exhibited as a monodromy operator of the 
local system R 2 - Z over U . 

I. 2. Prime-exceptional divisors in the i^3^-type case. Theorem 

II. 11 imposes a rather strong numerical condition on a class c to be 
the class of a prime exceptional divisor. We get, for example, the 
following Theorem. Assume that X is deformation equivalent to the 
Hilbert scheme of length n subschemes of a K3 surface S. We will 
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abbreviate this statement by saying that X is of K3^-type. Assume 
that n > 2 and X is projective. 

Theorem 1.2. Let e be a primitive class in H 2 (X,Z*), with negative 
Beauville-Bogomolov degree (e, e) < 0, such that some integer multiple 
of e is the class of an irreducible divisor E. Then (e, e) = —2 or 
(e, e) = 2 — 2n. If (e, e) = 2 — 2n, then the class (e, •) in H 2 (X, Z)* is 
divisible by n — 1. 

The Theorem is related to Theorem 21 in the beautiful paper |HT2j . 
In particular, the case of fourfolds is settled in that paper. The hypoth- 
esis that the divisor E is irreducible is necessary. There exist examples 
of pairs (X,e), with X of K3^-type, e £ H 2 (X,Z), such that 2e is 
effective, the reflection by e is an integral reflection of H 2 (X,7*), but 
2 - 2n < (e, e) < -2 ( pa5] . Example 4.8). 

Definition 1.3. An isometry g of H 2 (X, Z) is called a monodromy 
operator, if there exists a family ,Y — > T (which may depend on g) of 
irreducible holomorphic symplectic manifolds, having X as a fiber over 
a point to £ T, and such that g belongs to the image of vri(T, to) under 
the monodromy representation. The monodromy group Mon 2 (X) of 
X is the subgroup of 0[H 2 (X, Z)] generated by all the monodromy 
operators. 

Definition 1.4. (1) A class e £ H 2 (X, Z) is said to be monodromy- 
reflective, if e is primitive, and the reflection R e (x) := x— 2 ^^ e, 

with respect to the class e, belongs to Mon 2 (X). 
(2) A line bundle L is said to be monodromy-reflective, if the class 
C\{L) is. 

Theorem 11.21 is an immediate consequence of Theorem 11.11 and the 
following characterization of monodromy-reflective line-bundles on X 
of .O^-type. 

Proposition 1.5. Let e £ H 2 (X, Z) be a primitive class of negative 
degree (e,e). Then the reflection R e belongs to Mon 2 (X), if and only 
if e satisfies one of the following two properties. 

(1) (e,e) = -2, or 

(2) (e, e) = 2 — 2n ; and n — 1 divides the class (e, •) £ H 2 (X, Z)*. 

The proposition is proven in section @J A class e £ iJ 1,1 (X, Z) is said 
to be Q- effective, if some non-zero integer multiple of e is the class of 
an effective divisor. Examples of monodromy-reflective line bundles, 
which are not Q-effective, are exhibited in section [TTJ 
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1.3. A classification of monodromy-refiective line-bundles. 

When X is a K3 surface, a monodromy-refiective line bundle L has 
degree —2, and precisely one of L or L^ 1 is isomorphic to Ox(E), 
where E is an effective divisor (see [BHPVJ, chapter VIII, Proposition 
3.6). If Pic(X) is cyclic then E is necessarily a smooth rational curve. 
We may deform to this case upon deforming the pair (X, L) to a nearby 
deformation equivalent pair. 

Monodromy-refiective line bundles of degree 2 — 2n, over X of K3^- 
type, need not be Q-effective if n > 1. Whether the line-bundle is or is 
not Q-effective depends on a monodromy-invariant defined in Proposi- 
tion [TT7] below. The definition depends on the following Theorem. 

The topological K-group K(S) of a K3 surface S, endowed with the 
Mukai pairing (v,w) := — x(f v ® w), is called the Mukai lattice. K(S) 
is a rank 24 even unimodular lattice isometric to the orthogonal direct 
sum A := E 8 (— l)® 2 © U m , where E 8 (— 1) is the negative definite _E 8 
lattice and U is the rank 2 lattice with Gram matrix ( ^ * Y 

Let A := £ 8 (-l)® 2 ffi[/® 3 ©Z5, with (5, 5) = 2-2n. Then H 2 (X, Z) is 
isometric to A, for any X of K3^-type, n > 1 |Belj . Let 0(A, A) be the 
set of primitive isometric embeddings i : A <—* A. 0(A) acts on 0(A, A) 
by compositions. If n — 1 is a prime power, then 0(A, A) consists of a 
single 0(A)-orbit. The Euler number 77 := rj(n — 1) is the number of 
distinct primes pi, . . . ,p v in the prime factorization n — 1 = p^ 1 • • -p^ 7 , 
with positive integers e^. For n > 2, there are 2 77 " 1 distinct 0(A)-orbits 
in 0(A, A) (see [U] or [Ma5] . Lemma 4.3). 

Theorem 1.6. flMa5j . Theorem 1.10). An irreducible holomorphic 
symplectic manifold X of K3^-type, n > 2, comes with a natural 
choice of an 0(A)-orbit of primitive isometric embeddings of H 2 (X, Z) 
in A. This orbit is monodromy-invariant, i.e., l : H 2 (X, Z) ■=— > A 
belongs to this orbit, if and only if 1 o g does, for all g G Mon 2 {X). 

Let S be a K3 surface, H an ample line bundle on S, and v e -K'(S') 
a primitive class satisfying (v,v) = 2n — 2, n > 2. Assume that X : = 
Mh{v) is a smooth and compact moduli space of if-stable sheaves of 
class v . Then X is of K3^-tjpe and the orbit in the Theorem is that 
of Mukai's isometry 1 : H 2 (Mh(v),Z,) — > v 1 , where v L C -ft'(S') is the 
sub-lattice orthogonal to v (see |Ma5j . Theorem 1.12 or Theorem 12.11 
below). The monodromy-invariance, of the 0(K(S) )-orbit of Mukai's 
isometry, uniquely characterizes the orbit in the above Theorem, for 
every X of K3™ -type. 
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Let X be of KZ^-type, n > 1. Let I'^X) C # 2 (X, Z) be the subset 
of monodromy- reflective classes of degree 2 — 2n, and e a class in I'^(X). 
Choose a primitive isometric embedding i : H 2 (X,Z) <^-> A, in the 
natural orbit of Theorem 11.61 Choose a generator t> of the rank 1 sub- 
lattice of A orthogonal to the image of l. Then (v , v) = 2n — 2. Indeed, 
(v,v) > 0, since the signature of A is (4,20), and (v,v) is equal to the 
order of (Zv)*/Zv, which is equal to the order of H 2 (X, Z)*/H 2 (X, Z), 
which is 2n — 2. Let p be the positive integer, such that (e + v)/p is an 
integral and primitive class in A. Define the integer a similarly using 
e—v. Let div(e, •) be the integer in {(e, e)/2, (e, e)}, such that the class 
(e, •)/div(e, •) is an integral and primitive class in H 2 (X,Z)*. Given 
a rational number m, let JF(m) be the set of unordered pairs {r, s} of 
positive integers, such that rs = m and gcd(r, s) = 1. If m is not a 
positive integer, then jF(m) is empty. Set 

:= JF(n-l) U F([n-l]/2) U JF([n- l]/4). 

Note that is a singleton, if and only if n = 2 or n — 1 is a prime 
power. 

Proposition 1.7. // div(e, •) = n — 1 and n is ei>en, se£ {r, s} : = 
{p, a}. Otherwise, set {r,s} := {f,f}. Then {r,s} is a pair of rela- 
tively prime integers in and the function 

rs : I»{X) 

sending the class e to the unordered pair {r, s}, is monodromy-invariant. 
The function rs is surjective, if n = 1 modulo 8, and its image is 
T{n — 1) U J-'dn — l]/2) otherwise. 

The proposition is proven in Lemmas 17. Il andl 7.3l A more conceptual 
definition of the monodromy-invariant rs is provided in the statements 
of these Lemmas. The proof relies on the classification of the isometry 
classes of all possible pairs (L, e), where L is the saturation in A of the 
rank 2 sub-lattice span{e, v}. The classification is summarized in the 
table following Lemma 16.41 We finally arrive at the classification of 
mono dromy-reflect ive line-bundles . 

Proposition 1.8. Let X be of K3^-type and L a monodromy-reflective 
line bundle. Set e := Ci(L). 

(1) // (e, e) = 2 — 2n, then the M on 2 (X)- orbit of the class e is 
determined by div(e, •) and the value rs(e). 

(2) If (e,e) = —2, then the Mon 2 (X)-orbit of the class e is deter- 
mined by div(e, •). 
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Part [T] is proven in Lemmas 17.11 and 17.31 Part [2] is Lemma 8.9 in 
[Ma2] . 

1.4. A numerical characterization of exceptional classes? 

Let (X 1 ,L 1 ) and (X 2 ,L 2 ) be two pairs as in Proposition II. 81 Set : = 
Ci(Li). If (e i: et) = 2 - 2n, div(e 1( •) = div(e 2 , •), and rs(ei) = rs(e 2 ), 
then the pairs (Xi,ei) and (X 2 ,e2) are deformation equivalent (allow- 
ing to loose it Hodge type along the deformation), by Proposition [TH] 
and Lemma 15.171 Furthermore, a deformation relating the two pairs 
and preserving the Hodge type exists as well, assuming a version of the 
Torelli Theorem holds (see section [572]) . Finally if X\ is projective and 
Lf k = Oxx(Ei), for some k > and a prime exceptional divisor E\, 
then a generic small deformation (X, L) of (X 2 , L 2 ) consists of L satis- 
fying L® d = Ox{E), for a prime exceptional divisor E and for d = k or 
d = —k (Proposition 15. 14|) . This leads us to the conjectural numerical 
characterization of exceptional line-bundles described in this section. 

Let X be an irreducible holomorphic symplectic manifold of K3^- 
type, n > 2. Let L be a monodromy-reflective line bundle on X, 
e := cx(L), and R e the reflection by e. R e preserves the Hodge struc- 
ture, and so acts on if 1,1 (X) = H X {X, Tx). The Kuranishi deformation 
space Def(X) is an open neighborhood of in ii" 1 (X, Tx), which may 
be chosen to be R e invariant. Hence, R e acts on Def(X). The Lo- 
cal Kuranishi deformation space Def(X,L), of the pair (X, L), is the 
smooth divisor D e C Def(X) of fixed points of i? e . 

Definition 1.9. Let h G H 2 (X, E) be a Kahler class. A line bundle 
L G Pic(X) is called numerically exceptional, if its first Chern class 
e := ci(L) is a primitive class in if 2 (X, Z), satisfying (/i, e) > and 
the following properties. The Beauville-Bogomolov degree is either 
(e, e) = —2, or (e, e) = 2 — 2n and n := dimc(X)/2 > 2. In the latter 
case one of the following properties holds: 

(1) div(e, •) = 2n — 2 and rs(e) — {1, n — 1}. 

(2) div(e, •) = 2n — 2 and rs(e) = {2, (n — l)/2}. We must have 
n = 3 (modulo 4) for the pair rs(e) to be relatively prime. 

(3) div(e, •) = n — 1, n is even, and rs(e) — {1, n — 1}. 

(4) div(e, •) = n — 1, n is odd, and rs(e) = {1, (n — l)/2}. 

A cohomology class e G H 1,1 (X,7j) is numerically exceptional, if e = 
ci(L), for a numerically exceptional line-bundle L. 

Definition 1.10. (1) A line bundle L G Pic(X) is called stably- 
prime- exceptional, if there exists a closed complex analytic sub- 
set Z C D e , of codimension > 1, such that the linear system \L t \ 
consists of a prime-exceptional divisor E t , for all t G [D e \ Z\. 
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(2) L is said to be stably-Q- effective, if there exists a non-zero in 

-k 



teger k, such that the linear system \L k \ is non-empty, for all 



t e D 



e ■ 



If E is a prime exceptional divisor on a projective irreducible holo- 
morphic symplectic manifold X, then Ox{E) is stably-prime-exceptional, 
by Proposition 15.21 

Let L be a line bundle on an irreducible holomorphic symplectic 
manifold X of K3^-type with a primitive first Chern class. Recall 
that a necessary condition for the linear system \L k \ to consist of an 
exceptional divisor E, is that L is monodromy-reflective (Definition 
11.41) . by Theorem 11.11 Assume that L is monodromy-reflective. Set 
e := ci(L). Let D e C Def(X) be the divisor fixed by the reflection R e . 

Conjecture 1.11. (1) Assume that L is numerically exceptional. 
Then L k is stably-prime- exceptional, where k is determined as 
follows. If the degree of L is 2 — 2n, then 

{2, if div(e, •) = 2n — 2 and rs(e) = {1, n — 1}, 
1, if div(e, •) = 2n - 2 and rs(e) = {2, (n - l)/2}, 
1, if div(e, •) = n — 1. 

If the degree of L is —2, then 

{2, if div(e, •) = 2 and n = 2, 
1, &/ div(e, •) = 2 and n > 2, 
1, if div(e,.) = l. 

(2) // L is not numerically exceptional, then L is not stably-Q- 
effective. I.e., for every non-zero integer k, there exists a dense 
open subset U k of D e , such that H°(X t , L k ) vanishes, for all 
teU k . 

See Remark 14.21 for the Euler characteristic \{L k )- Note that in 
part [TJ above L k is effective as well, for the specified integer k, by the 
semi-continuity theorem. 

Theorem 1.12. Let X be an irreducible holomorphic symplectic mani- 
fold of K3™ -type and L a monodromy-reflective line bundle on X . As- 
sume an affirmative answer to the Torelli Question 5. ? [or the weaker 



Question \5.1(K for the pair (X, L) J. Then Conjecture \1.11\ holds for 
(X,L). 

Verbitsky recently posted a proof of an affirmative answer to Ques- 
tion [5]T] [Ver|. Theorem 1 1.1 21 is proven in section [HJ The proof uses the 
examples worked out in sections [10] and [TTJ We exhibit an example of 
a pair (X,L), for each possible value of these monodromy invariants, 
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and verify Conjecture [LTT] for (X, L). All values of the monodromy in- 
variants are realized by examples where X is a smooth and projective 
moduli space of sheaves on a K3 surface. See the table in section [8] for 
a reference to an example, for each value of the monodromy-invariants. 

The vanishing in part [2] of Conjecture 11.111 is verified in the ex- 
amples as follows. In all the examples of monodromy-reflective but 
non-numerically-exceptional line-bundles considered in section [TTJ X 
admits a birational involution i : X — > X, inducing the reflection R e . 

Observation 1.13. If L is a monodromy reflective line bundle on X, 
and there exists a bimeromorphic involution i : X — > X inducing the 
reflection R e , e = c\(L), then the line bundle L is not Q-effective. 

Proof. There exists a Zariski open subset U C X, such that X \ U 
has codimension > 2, i restricts to a regular involution of U, and the 

composition H 2 (X,Z) = H 2 (U,Z) H 2 (U,Z) ^ H 2 (X,Z) is an 
isometry, by |UGlj . Proposition 1.6.2. The isometry l* is assumed to 
be the reflection R e . Hence, CL = L~ x and L is not Q-effective. □ 

1.5. The structure of the paper. The paper is organized as follows. 
In section [2] we provide a sequence of easy examples of monodromy- 
reflective line-bundles on moduli spaces of sheaves on K3 surfaces. We 
calculate their invariants, and determine whether or not they are effec- 
tive, illustrating Conjecture 11.111 

In section [3] we prove Theorem II. II stating that associated to a prime 
exceptional divisor E is a monodromy involution of the integral coho- 
mology H*(X, Z), which acts on the second cohomology lattice as the 
reflection by the cohomology class [E] of E (Corollary 13. 6p . In section 
H]we specialize to the -ff3' n '-type case, n > 2, and prove Theorem 11.21 
about the possible degrees of prime exceptional divisors. 

Let (Xi, Ei), i = 1,2, be two pairs, each consisting of an irreducible 
holomorphic symplectic manifold Xi, and a prime exceptional divisor 
Ei. Let ei G H 2 (X,Z) be the class of Ei. In section [5] we define two 
notions of deformation equivalence: 

(1) Deformation equivalence of the two pairs (Xi, Ei), i = 1, 2. 

(2) Deformation equivalence of the two pairs (Xi, e^), i = 1, 2. 
We relate these two notions via Torelli. 

In sectionOwe return to the case where X is of i^S^'-type, n > 2. We 
associate, to each monodromy-reflective class e G H 2 (X,Z) of degree 
2 — 2n, an isometry class of a pair (L, e), consisting of a rank 2 integral 
lattice of signature (1,1) and a primitive class e G L, with (e, e) = 
2 — 2n. The isometry class of the pair (L, e) is a monodromy- invariant, 
denoted by f(X, e). In section [7] we calculate the monodromy-invariant 
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/(X, e) explicitly as the function rs in Proposition 11.81 We then prove 
Proposition 11.81 

In section [8] we prove Theorem II. 121 stating that the numerical char- 
acterization of exceptional classes, suggested in Conjecture ll.ll[ follows 
from a version of Torelli. 

Sections M, EE and [TTJ are devoted to examples of monodromy- 
reflective line bundles over moduli spaces of stable sheaves. In section [9] 
we study the exceptional locus of Jun Li's morphism from certain mod- 
uli spaces, of Gieseker-Maruyama if -stable sheaves on a i^3-surface, 
to the Ulenbeck-Yau compactifications of the moduli spaces of ii-slope 
stable vector-bundles. 

In section [10] we exhibit an example of a prime exceptional divisor, 
for each value of the invariants of a monodromy-reflective line-bundle 
L, for which L is stated to be stably-Q-effective in Conjecture 11.111 

In section [TTJ we exhibit an example of a monodromy-reflective line- 
bundle L, which is not Q-effective, for each value of the invariants for 
which L is stated not to be Q-effective in Conjecture 11.111 

2. Easy examples of monodromy-reflective line-bundles 

In section 12.11 we review basic facts about moduli spaces of coherent 
sheaves on K3 surfaces. In section 12.21 we briefly describe a sequence 
of examples of pairs (X, e), with X of K3^-type, e a monodromy- 
reflective class of degree 2 — 2n with div(e, •) = 2n — 2, for each n > 2, 
and for each value of the invariant rs. For details, references, as well 
as for examples of degree —2, or with div(e, •) = n — 1, see sections [TU] 
anddU 

2.1. The Mukai isomorphism. The group K(S), endowed with the 
Mukai pairing 

(v,w) := — x(v V 

is called the Mukai lattice. Let us recall Mukai's notation for elements 
of K(S). Identify the group K(S) with H*(S, Z), via the isomorphism 
sending a class F to its Mukai vector ch(F)y/td s . Using the grading of 
H* (S, Z), the Mukai vector is 

(2.1) (rank(F), Cl (F), X (F) -rank(F)), 

where the rank is considered in H° and — rank(F) in if 4 via multi- 
plication by the orientation class of S. The homomorphism ch(»)^tds ■ 
K(S) — > H*(S, Z) is an isometry with respect to the Mukai pairing on 
K(S) and the pairing 

//„// /\ /„//// //\\ I'll" 1 1 i '/ / 1 i // 

((r , c , s ), (r , c , s )) = c U c — rUs— sUr 

Js 
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on H*(S, Z) (by the Hirzebruch-Riemann-Roch Theorem). For exam- 
ple, (1, 0, 1 — n) is the Mukai vector in H*(S, Z), of the ideal sheaf of 
a length n subscheme. Mukai defines a weight 2 Hodge structure on 
the Mukai lattice H*(S,1i), and hence on K(S), by extending that of 
H 2 (S,Z), so that the direct summands H°(S,Z) and H 4 (S,Z) are of 
type (1, 1) (a Tate twist). 

Let v G K(S) be a primitive class with ci(t>) of Hodge-type (1, 1). 
There is a system of hyperplanes in the ample cone of S, called v- 
walls, that is countable but locally finite [HLj . Ch. 4C. An ample 
class is called v-generic, if it does not belong to any -u-wall. Choose a 
v -generic ample class H. Let M H {v) be the moduli space of if-stable 
sheaves on the K3 surface S with class v. When non-empty, the moduli 
space Mh{v) is a smooth projective irreducible holomorphic symplectic 
variety of K3^ type, with n = ( v ' v ^ +2 . This result is due to several 
people, including Huybrechts, Mukai, O'Grady, and Yoshioka. It can 
be found in its final form in |Y2j . 

Over S x Mh{v) there exists a universal sheaf possibly twisted 
with respect to a non-trivial Brauer class pulled-back from Mh(v). 
Associated to T is a class \T\ in K{S x M H (v)) f [Mai] . Definition 26). 
Let 7Tj be the projection from S x Mh(v) onto the i-th factor. Assume 
that (v,v) > 0. The second integral cohomology H 2 (Mh(v),Z), its 
Hodge structure, and its Beauville-Bogomolov pairing, are all described 
by Mukai's Hodge-isometry 

(2.2) 9 : v 1 — H 2 (M H (v),Z), 

given by 6(x) := d (tt 2 , {n[ (x v ) ® [JF]}) (see |Y2]). 

Let A be the unimodular lattice E$(— l)® 2 © ?7® 4 , where {7 is the 
rank two unimodular hyperbolic lattice. A is isometric to the Mukai 
lattice of a K3 surface. Let X be an irreducible holomorphic symplectic 
manifold of A"3 [n] -type, n > 2. Recall that X comes with a natural 
choice of an 0(A)-orbit of primitive isometric embeddings of H 2 (X, Z) 
in A, by Theorem 11.61 

Theorem 2.1. ( |Ma5j . Theorem 1.12). When X is isomorphic to the 
moduli space Mh{v), of H -stable sheaves on a K3 surface of class v G 
K(S), then the above mentioned 0(X)-orbit is that of the composition 

(2.3) H 2 {M H {v), Z)^v ± C K{S) S A, 

where 9~ x is the inverse of the Mukai isometry given in Ii2.2\) . 
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The combination of Theorems 1 1 . 61 and 12. H is an example of the follow- 
ing meta-principle guiding our study of the monodromy of holomorphic 
symplectic varieties of -O'^-type. 

Any topological construction, which can be performed uniformly and 
naturally for all smooth and compact moduli spaces of sheaves on any 
K3 surface S , and which is invariant under symmetries induced by 
equivalences of derived categories of K3- surfaces, is monodromy-invariant. 



2.2. A representative sequence of examples. Let S be a projective 
K3 surface with a cyclic Picard group generated by an ample line 
bundle H. Fix integers r and s satisfying s > r > 1, and gcd (r,s) = 
1. Let X be the moduli space M#(r, 0, — s). Then X is a projective 
irreducible holomorphic symplectic manifold of fTS^-type with n = 
1 + rs [Y2j . Set e := 9(r, 0, s). The weight two integral Hodge structure 
H 2 (Mn(r, 0, — s), Z) is Hodge-isometric to the orthogonal direct sum 
H 2 (S, Z) © Ze, and the class e is monodromy-reflective of Hodge- type 
(1, 1), (e, e) = 2 — 2n, div(e, •) = 2n — 2, and rs(e) = {r, s}. 

When r = 1, then X = is the Hilbert scheme. Let E C be 
the big diagonal. Then E is a prime divisor, which is the exceptional 
locus of the Hilbert-Chow morphism n : — > onto the n-th 
symmetric product of S. The equality e = \\E\ was proven in [Belj . 

When r = 2, let E C M H (2, 0, — s) be the locus of if-stable sheaves 
which are not locally free. Then E is a prime divisor, which is the 
exceptional locus of Jun Li's morphism from Mh(2, 0, — s) onto the 
Ulenbeck-Yau compactification of the moduli space of if-slope-stable 
vector bundles of that class. The equality e = [E] holds, by Lemma 
IT0T61 

When r > 3, let Exc C M^(r, 0, — s) be the locus of if -stable 
sheaves, which are not locally free or not if-slope-stable. Then Exc 
is a closed algebraic subset of M H (r, 0, — s) of codimension > 2, by 
Lemma 19.51 Jun Li's morphism is thus not a divisorial contraction. 
Set U := X \ Exc. Let t : U — > U be the regular involution, which 
sends a locally free if -slope-stable sheaf F to the dual sheaf F*. The 
restriction homomorphism from H 2 (X, Z) to H 2 (U,7*) is an isomor- 
phism, and the induced involution i* of H 2 (X, Z) is the reflection by 
the class e, by Proposition lll.il The class e is thus not Q-effective. 
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3. The monodromy reflection of a prime exceptional 

DIVISOR 

Let X be a projective irreducible holomorphic symplectic mani- 
fold and E a reduced and irreducible divisor with negative Beauville- 
Bogomolov degree. The following result is due to S. Bouksom and S. 
Druel. 

Proposition 3.1. ([D\, Proposition 1.4) There exists a sequence of 
flops of X, resulting in a smooth birational model X' of X, such that 
the strict transform E' of E in X' is contractible via a projective bi- 
rational morphism it : X' —> Y to a normal projective variety Y . The 
exceptional locus of tt is equal to the support of E' . 

The divisor E is assumed to be exceptional, rather than to have neg- 
ative Beauville-Bogomolov degree, in the statement of Proposition 1.4 
in [D]. The technical term exceptional is in the sense of [Bouj . Defini- 
tion 3.10, and is a precise measure of rigidity. Boucksom characterized 
exceptional divisors on irreducible holomorphic symplectic varieties by 
the following property, which we will use as a definition ([Bouj, Theo- 
rem 4.5). 

Definition 3.2. A rational divisor E G Div(X) ®i Q is exceptional, 
if E = Y2i=i n i-Ei, with positive rational coefficients rij, prime divisors 
Ei, and a negative definite Gram- matrix ([Ei], [Ej]). 

In particular, a prime divisor is exceptional, if and only if it has neg- 
ative Beauville-Bogomolov degree. Hence, we may replace in the above 
Proposition the hypothesis that E is exceptional by the hypothesis that 
E has negative Beauville-Bogomolov degree. 

Definition 3.3. A primitive class e G H 2 (X,7*) is (prime) exceptional 
if some positive multiple of e is the class of a (prime) exceptional divisor. 
A line bundle L G Pic(X) is (prime) exceptional, if C\(L) is. 

Let Def(X') and Def(Y) be the Kuranishi deformation spaces of X' 
and Y. Denote by ip : X —>■ Def(X') the semi-universal deformation 
of X', by G Def(X') the point with fiber X', and let X t be the 
fiber over t G Def(X'). Let ip : y —>■ Def(Y) be the semi- universal 
deformation of Y, G DefiY) its special point with fiber Y , and Y t 
the fiber over t G DefiY). 

The variety Y necessarily has rational Gorenstein singularities, by 
[Bc2j, Proposition 1.3. The morphism tt : X' — > Y deforms as a mor- 
phism v of the semi-universal families, which fits in a commutative 
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diagram 

X A y 
(3.1) V I ^ I 

De/(X') ^> De/(y), 

by [KM] . Proposition 11.4. The following is a fundamental theorem of 
Namikawa: 

Theorem 3.4. flNal] . Theorem 2.2) The Kuranishi deformation spaces 
Def(X') and DefiY) are both smooth of the same dimension. They 
can be replaced by open neighborhoods ofO G Def(X') andO G DefiY), 
and denoted again by Def(X') and Def(Y), in such a way that there 
exists a natural proper surjective map f : Def(X') — > Def(Y) with 
finite fibers. Moreover, for a generic point t G Def(X'), Yf^ is iso- 
morphic to X t . 

The morphism / : Def(X') — > DefiY) is in fact a branched Galois 
covering, by [Ma6j . Lemma 1.2. The Galois group G is a product 
of Weyl groups of finite type, by [Ma6j . Theorem 1.4 (see also [Na2j ). 
Furthermore, G acts on H*(X', Z) via monodromy operators preserving 
the Hodge structure. When the exceptional locus of tt : X' — > Y 
contains a single irreducible component of co-dimension one in X', 
then the Galois group G is Z/2Z. 

Let E C Y be the singular locus. The dissident locus E C E is the 
locus along which the singularities of Y fail to be of ADE type. E is 
a closed subvariety of E. 

Proposition 3.5. ( [Nalj . Propositions 1.6, [W]^ Y has only canonical 
singularities. The dissident locus E has codimension at least 4 in 
Y . The complement E \ E is either empty, or the disjoint union of 
codimension 2 smooth and symplectic subvarieties ofY \ Eo- 

Keep the notation of Proposition 13 . 1 1 Let [E] be the class of E in 
H 2 (X, Z) and R the reflection of H 2 (X, Q) given by 

R{x) ; x .(^m [E] . 



xm.m). 

Consider the natural isomorphism H 2 (X, Z)* = H2(X,Z), given by 
the Universal Coefficients Theorem and the fact that X is simply con- 
nected. Denote by 

(3.2) [£] v G H 2 (X,Q) 

the class corresponding to Tpl^w , where both pairings in the fraction 
are the Beauville-Bogomolov pairing. 
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We identify H 2 (X } Z) and H 2 (X', Z) via the graph of the birational 
map. This graph induces a Hodge isometry and the isometry maps 
the class [E] E H 2 (X,Z) to the class [E'\ E H 2 {X',Z), by [OGl] . 
Proposition 1.6.2. We get an identification of the dual groups H 2 (X, Z) 
and H 2 {X\Z). The following Corollary was proven, in case E is an 
irreducible component of a contractible divisor, in |Ma6] Lemmas 4.10 
and 4.23. We are now able to extend it to the more general case of a 
prime exceptional divisor E. The following is a Corollary of Proposition 
13.11 Proposition 13. 5[ and |Ma6] . Lemmas 4.10 and 4.23. 

Corollary 3.6. (1) The class [E] v E H 2 (X,Z) corresponds to the 
class in H2(X', Z) of the generic fiber of the contraction E' —>Y 
in Proposition ^ . 1\ The generic fiber is either a smooth rational 
curve, or the union of two homologous smooth rational curves 
meeting at one point. In particular, [E] v is an integral class in 
H 2 (X,Z) and R is an integral isometry. 

(2) The reflection R is a monodromy operator in Mon 2 (X) as well 
as Mon 2 (X') . R preserves the Hodge structure. The action of R 
on H X ' 1 {X') = H\X',TX') induces an involution ofDef(X'), 
which generates the Galois group of the double cover of the Ku- 
ranishi deformation spaces Def(X') — > Def(Y). 

(3) Either [E] is a primitive class of H 2 (X, Z), or [E] is twice a 
primitive class. Similarly, [E] v is either a primitive class or 
twice a primitive class. Finally, at least one of [E] or [E] v is a 
primitive class 

Proof. [T]) The singular locus of Y contains a unique irreducible com- 
ponent £ of codimension 2, and Y has singularities of type A\ or A 2 
along the Zariski dense open subset S \ E , by Proposition 13.51 (see 
also the classification of singularities in section 1.8 of [Nalj ). When 
X = X', the class [E'] v is the class of the fiber of the composite mor- 
phism E' X' — > Y, by Lemmas 4.10 and 4.23 in |Ma6] . 

[2]) R is a monodromy operator in Mon 2 (X'), by Lemmas 4.10 and 
4.23 in [Ma6j . Now the isometry Z t : H 2 (X,Z) -> H 2 (X',Z), induced 
by the graph Z of the birational map, is a parallel transport operator. 
This follows from the proof of Theorem 2.5 in |Hu2j. In this proof 
Huybrechts constructs a correspondence V := Z + Yli^i in X x X' 
with the following properties. : H 2 (X,Z) H 2 (X',Z) is a parallel 
transport operator, Z is the closure of the graph of the birational map 
as above, and the image of Yj in each factor X and X' has codimension 
> 2. It follows that the two isometries Z* and coincide. 

[3]) The statements about the divisibility of [E] and [E] v follow from 
the equality J, E , V [E] = — 2. □ 
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We denote by 

e G H 2 (X, Z) 

the primitive class, such that either [E] = e or [E] = 2e. Let e v be 
the primitive class in H 2 (X,Z), such that [E} v = e v or [E] v = 2e v . 
The divisibility factor div(e, •), of the class (e, •) G H 2 (X, Z)*, is the 
positive number satisfying the equality (e, •) = div(e, •) ■ e v . 

Lemma 3.7. We /iai>e 

( (e,e)/2 t/ [£] = e and [£] v = e v , 

-div(e,«) = ^ (e,e) i/ [E] = 2e and [E] v = e v , 

{ (e,e) «/ [E] = e and [E} v = 2e v . 

Proof. Let [E] = he and [E] v = k 2 e v . Then 
-(e,.) = ^([E],.) = MlHl^v = ^M [jB] v = ^M e v. 

□ 

Remark 3.8. Let L be the line bundle with Ci(L) = e. Then dim H°(X, L n ) 
is either or 1, for all n G Z, by [Bou] . Proposition 3.13. Hence, there 
exists at most one non-zero integer n, such that the linear system \L n \ 
contains a prime divisor. In particular, for a given pair (X, e), at most 
one of the equalities ([E], [E] y ) = (e,2e v ) or ([E], [E] y ) = (2e,e v ) can 
hold, for some prime divisor E with [E] G span z {e}. The same holds 
for an exceptional divisor, where the coefficients n« in Definition 13.21 
are integral and with gcdjrij : 1 < i < k} — 1. 

4. HOLOMORPHIC SYMPLECTIC MANOFOLDS OF K3 M -TYPE 

We prove Proposition 11.51 in this section. This completes the proof 
of Theorem O The lattice H 2 (X, Z) has signature (3, 20) [Eel] . A 3- 
dimensional subspace of H 2 (X, M.) is said to be positive-definite, if the 
Beauville-Bogomolov pairing restricts to it as a positive definite pairing. 
The unit 2-sphere, in any positive-definite 3-dimensional subspace, is 
a deformation retract of the positive cone C + C H 2 (X, R), given by 
C+ := {A G H 2 (X, M) : (A, A) > 0}. Hence, H 2 (C + , Z) is isomorphic to 
Z and is a natural representation of the isometry group OH 2 (X, R). We 
denote by + H 2 (X, Z) the index two subgroup of OH 2 (X,Z), which 
acts trivially on H 2 (C + , Z). 

The following result will be used in the proof of Theorem 11.21 Let X 
be of K3 [n] -type, n>2. Embed the lattice H 2 (X, Z) in its dual lattice 
H 2 (X,Z)*, via the Beauville-Bogomolov form. 
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Theorem 4.1. ( |Ma5j . Theorem 1.2 and Lemma J^.2). Mon 2 (X) is 
equal to the subgroup of + H 2 (X,Z), which acts via multiplication 
by 1 or — 1 on the quotient group H 2 (X, Z)*/H 2 (X, Z). The quotient 
H 2 (X, Z)*/H 2 (X, Z) is a cyclic group of order 2n — 2. 

Proof of Proposition 11.51 

Step 1: Let R(x) := x — be the reflection by e. Assume that 

R belongs to Mon 2 (X). We may deform the pair (X, e), loosing the 
Hodge type of e, so that X is the Hilbert scheme of length n 
subschemes of a K3 surface S. H 2 (S^ n \Z) is Hodge-isometric to the 
orthogonal direct sum 

(4.1) H 2 (S,Z)®Z5, 

where 5 is half the class of the big diagonal, and (5, 5) = 2 — 2n [Bel] . 
Let 77 : S'W -> be the Hilbert-Chow morph ism onto the symmet- 
ric product of S. The isometric embedding H 2 (S, Z) fl' 2 ( ( S''- n ',Z) 

is given by the composition H 2 (S,Z) S H 2 (S {n \Z) H 2 (S [n] ,Z). 
Write 

e = + 7/5, 

where the primitive class a belongs to H 2 (S,Z) and x, y are integers 
satisfying: 

(4.2) gcd(x,y) = 1. 

The condition that the reflection R is integral implies that 

(4.3) t r is an integer. 

(e,e) 

(Apply R to a class b in H 2 (S, Z) with (a, 6) = 1). It also implies that 

lA A , 4y(n - 1) . 

(4.4) — r — is an integer. 

(e,e) 

(Apply R to 6). 

The condition that R is a monodromy operator implies that R maps 
to either 1 or —1 in the automorphism group of the quotient group 
H 2 (X, Z)*/H 2 (X, Z), by Theorem O We state in g3J below a more 
explicit formulation of this condition. Write R(S) = x'a! + y'8, with x', 
y' integers, and the class a' is in the K3 lattice. We get 

\4y 2 (l-n) 

y := i- — -, — v — 

. (e,e) 

The above condition on R is then equivalent to the following statement. 

(4.5) y' is congruent to 1 or — 1 modulo (2n — 2). 
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We need to prove that (e, e) = —2, or that (e, e) = 2 — 2n and 
n — 1 divides div(e, •). This follows from equations (14. 2p . (I4.3p . (I4.4p . 
and (14. 5 p via the following elementary argument. Note first that (14. 2p . 
(14.31) . and (14. 4p imply that (e, e) divides gcd(2x, 4n — 4). On the other 
hand, gcd(2x, 2n — 2) divides (e, e) = x 2 (a,a) + (2 — 2n)y 2 . Write 
n — 1 = t2 k , with t an odd integer. We get that 

(e, e) = — gcd(2s, 2n — 2) or 

(e, e) = -2 gcd(2x, 2n - 2) and 2 (fc+1) divides x. 

The rest follows from (14.51) as follows. 

If y' is congruent to 1 modulo (2n — 2), then iy is congruent 

to modulo {2n — 2). Hence (e, e) divides 2y 2 . We conclude that 
(e, e) divides gcd(2x, 2y 2 ). Thus (e, e) = —2. 

Assume next that y' is congruent to —1 modulo (2n — 2). Then 
(2n - 2) divides 1 + y' = So (2n - 2) divides x 2 (a,a). But 

(e, e) = x 2 (a, a) + y 2 (2 - 2n). So 

(4.6) (2n - 2) divides (e,e). 

If ( e , e) = - gcd(2x, 2n - 2), then (e, e) = 2 - 2n. 

It remains to exclude the case where is congruent to —1 modulo 
(2n - 2), (e, e) = -2 gcd(2x, 2n - 2) and 2 ( - k+ ^ divides x. Now (2n - 2) 
divides (e, e), by (14. 6p . and (e, e) divides 2x, by (14.31) . Thus t divides x. 
So gcd(2x, 2n - 2) = t2< fc+1 ) = 2n - 2. So (e, e) = -2 gcd(2x, 2n - 2) = 
— (An — 4). We get the equality Ay = —y 2 - Condition (14 .5p implies 

that Ay '(e")" 1 ' 1 is congruent to 2 modulo (2n — 2). But then 2 divides 
gcd(x, ?/) contradicting (14. 2p . 

Step 2: Assume next that (e, e) = —2, or that (e, e) = 2 — 2n and 
n — 1 divides div(e, •). If (e, e) = —2, then i? belongs to Mon 2 (A) 
by [Ma2j, Theorem 1.6. If (e, e) = 2 — 2n, n > 2, then i? belongs to 
+ H 2 (X, Z), by the assumption that n — 1 divides div(e, •). 

We may assume that X = S [n] , for a fsT3 surface S. Then H 2 (X,Z) 
is the orthogonal direct sum H 2 (S, Z) © Z5, with (5, 5) = 2 — 2n, as in 
(Oil . Write e = x + t8, x G H 2 (S, Z) and i G Z. Then x = (n - 1)^, 
for some class £ G H 2 (X, Z), by the assumption that n — 1 divides 
div(e, •). Set w := ■ Then w + H 2 (X,Z) generates the residual 
group H 2 (X, Z)*/H 2 (X, Z), and the latter is isomorphic to Z/(2n-2)Z. 
The equality (e, e) = 2 — 2n yields 

(4.7) (t 2 - 1) = frizilM. 
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We claim that R acts on H 2 (X, Z)*/H 2 (X } Z) via multiplication by 
— 1. Once the claim is proven, then R belongs to Mon 2 (X), by Theorem 
14. 11 Compute 

R(w) = w - ^i-^e = w —\(n - l)f + tS\ = (1 - 2t 2 )w, 

(e, e) n— 1 

where the last equivalence is modulo H 2 (X,Z). Equation (14.71) yields 
2t 2 - 2 = modulo 2n - 2. Hence, 1 - 2t 2 = -1 modulo 2n - 2, and 
the claim is proven. □ 

Remark 4.2. Let X be of K3^ -type, L a line bundle on X, and 
set a := C\(L). Then the sheaf-cohomology Euler characteristic of L 

is given by the binomial eoeffieient = (K«. «)/*[ + » + , by 

[Hu3], section 3.4, Example 7. We get the following equalities. 



X(L) 



1 if (a, a) = —2 
if (a, a) = 2 — 2n and n > 3, 
X(L 2 ) = if (a, a) = -2 and n > 3, 
X(L 2 ) < if (a, a) = 2 - 2n and n > 2. 



5. Deformation equivalence 

This section is influenced by an early draft of a paper of Brendan 
Hassett and Yuri Tschinkel, which was graciously communicated to the 
author [HT3] . 

5.1. The prime-exceptional property of pairs (X,L) is open. 
Let X be a projective irreducible holomorphic symplectic manifold and 
E a prime exceptional divisor. Set c := [E] £ H 2 (X, Z). Given a point 
t £ Def(X), let q £ H 2 (X t ,Z) be the class associated to c via the 
parallel transport isomorphismj H 2 (X,Z) — ► H 2 (X t ,Z). Denote by 
i? c both the reflection of H 2 (X,Z) with respect to c, as well as the 
involution of Def(X). Let D c C Def(X) be the fixed locus of R c . 
D c is a smooth divisor in Def(X), which is characterized also as the 
subset 

(5.1) D c := {t £ Def(X) : c t is of Hodge type (1, 1)}. 

Lemma 5.1. There exists an open subset D Q C C D c , containing 0, such 
that for every t £ D® the class c t is Poincare dual to a prime exceptional 
divisor E t . 



1 The local system i? 2, 0*Z over Def(X) is trivial, since we may choose Def(X) 
to be simply connected. 
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Proof. Let X', E', and Y be as in Proposition [3UJ Denote the image of 
E' — ► Y by B. The generic fiber of E' — > is either a smooth rational 
curve C, which normal bundle satisfies 

or the union of two such curves meeting non-tangentially at one point, 
by Proposition 13.51 Druel shows that the exceptional locus of the bi- 
rational map X — * X' does not dominate B (see the proof of [D] , 
Theorem 1.3). We conclude that a Zariski dense open subset of the 
original divisor E in X is covered by such rational curves. The propo- 
sition now follows from results of Ziv Ran about the deformations of 
such pairs (X,C) ( [Rl] , Theorem 1, with further comments in [KaJ). 
Our argument is inspired by [HTlJ, Theorems 4.1 and 4.3. Note first 
that the class of the curve C remains of type (n — l,n — 1) over D c , 
by part [1] of Corollary 13.61 Let ip : X — > D c be the semi- universal fam- 
ily, 7i — > D c the irreducible component of the relative Douady space 
containing the point t representing the pair (X, C) , and C C H x Dc X 
the universal subscheme. We get the diagram 

C X 

a i |V 
to G H D c . 

Let 77 : H^QNc/x) -> H 2n (ti%~ 2 ) be the semi-regularity map. Then 
7T is an isomorphism of these one-dimensional vector spaces (Observa- 
tion (a) before Corollary 4 in |Rlj ). Theorem 1 of [Rl] implies that the 
morphism (3 is surjective, of relative dimension 2n — 2, and it is smooth 
at the point to. It follows that C has relative dimension 2n — 1 over D c , 
and C is smooth along the rational curve C over to- Furthermore, the 
fiber (/3 o a) _1 (0) contains a unique irreducible component E, which 
dominates E, and / : E — > E has degree 1, by part [T] of Corollary 13.61 
We claim that the differential df : TC — > f*TX is injective along 
C. TC comes with a natural filtration T a C Tf3 oa C TC. (f*TX)\ c 
comes with the filtration TC C (TX)| C C (TAf)| c . The homomor- 
phism df is compatible with the filtarations and induces the identity 
on the first and third graded summands TC and T (D C ). It suffices 
to prove injectivity on the middle graded summand. The above condi- 
tion on Nq/x implies, furthermore, that the evaluation homomorphism 
H°(N c /x) ® Oc — » N c /x is injective. It follows that the differential 
df is injective along C. Consequently, f(C) determines a divisor £ in 
X, possibly after eliminating embedded components of f{C), which are 
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disjoint from the curve C. Furthermore, £ intersects the fiber X of ip 
along a divisor E containing E and E is reduced along E. 

It remains to prove that E is irreducible. Now the fiber X t has a 
cyclic Picard group, for a generic t G D c . Hence, the generic fiber E t 
of £ is of class kc t , for some positive integer k. Thus E is of class kc. 
But the linear system \kE\ consists of a single divisor kE, by |Bouj . 
Proposition 3.13. We get that k = 1, since E Q is reduced along E. □ 

Let 7r : X — > T be a smooth family of irreducible holomorphic sym- 
plectic manifolds over a connected complex manifold T. Assume that 
there exists a section e of R\ Z, everywhere of Hodge type (1, 1). Given 
a point t G T, denote by L t the line bundle on the fiber X t with class 
e*. 

Proposition 5.2. Assume given a points G T ; swc/i t/iat the fiber Xq is 
projective and the linear system \Lq\, of the k-th tensor power, consists 
of a prime exceptional divisor Eq C Xq, for some positive integer k. 
Then k = 1 or 2. Let Z G T be the subset of points t G T, such that 
Lt) > 1, or there exists a non-prime divisor, which is a member 
of the linear system \L\\. Then Z is a proper and closed analytic subset 
ofT. Furthermore, there exists an irreducible divisor £ in X \tt~ 1 (Z), 
such that £ intersects the fiber vr _1 (t) along a prime exceptional divisor 
E t of class ket, for every t in the complement T\Z . 

Proof. The integer k is 1 or 2 by Corollary l3.6l The dimension h°(X t , L*) 
is an upper-semi-continuous function on T, and so the locus where it is 
positive is a closed analytic subset of T. On the other hand, h°(X t , L*) 
is positive over an open subset, by Lemma 15.11 Hence, it is positive 
everywhere and L\ is effective for all t. 

Let Z\ C T be the closed analytic subset, where h°(X t , L*) > 1. We 
know that /i(X ,Lq) = 1, by [Bouj . Proposition 3.13. Hence, we may 
assume, possibly after replacing T by T \ Z±, that h°(X t , 1%) = 1, for 
all teT. 

We prove next that the section e lifts to a line bundle C = Ox(£), 
for a divisor £ C X, which does not contain any fiber of n. The 
following is part of the edge exact sequence of the spectral sequence of 
the composite functor Toyr* of push-forward and taking global sections. 

H\T, 0* T ) -> H\X, 0* x ) -> H°{T, R\p* x ) -> H 2 {T, 0* T ). 

Let V be an open subset of T satisfying H l (V, Oy) = 0, for i = 1, 2. 
Then the restriction of e to V lifts to a line bundle Ly over 7r _1 (V). 
Now 7r*£y is a line-bundle over V, which must be trivial, by the van- 
ishing of H\V,O v ). Hence, H° (n' 1 (V) , C v ) = H°(V,O v ), and there 
exists a unique divisor £ v C 7T _1 (V r ), in the linear system |£y|, which 
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does not contain any fiber of it. If V\ and V2 are two such open subsets 
of T, then the divisors £y i constructed above agree along 7r _1 (Vi fl V 2 ), 
since they are canonical over any subset V of V\ fl V2, over which 
-fP(V, Oy) = 0, for i = 1,2. Hence, we get a global divisor £ C X. Set 

We prove next that £ is irreducible. Let p : £ — > T be the restriction 
of 7T. Then p is a proper morphism, which is also flat by |Matj applica- 
tion 2 page 150. All fibers of p are connected, since T is smooth, and 
in particular normal, and the fiber over is connected. The morphism 
p is smooth along the smooth locus of E , and £ is a local complete 
intersection in the smooth complex manifold X. Hence, there exists 
precisely one irreducible component of £ which contains Eq. Assume 
that there exists another irreducible component £' . Then £' maps to 
a proper closed subset of T, which does not contain 0. But T is irre- 
ducible, and £' intersects each fiber of n along a subset, which is either 
empty or of codimension at least one. Hence, the codimension of £' in 
X is larger than one. This contradicts the fact that £ is a divisor. We 
conclude that £ is irreducible. 

The subset Z C T, consisting of points t e T, where E t is reducible 
or non-reduced, is a closed analytic subset of T, which does not contain 
0. □ 

Proposition 15.21 shows that the property that L is prime exceptional 
is open in any smooth and connected base T of a deformation of a pair 
(X, L), as long as it holds for at least one projective pair. One limiting 
case is that of a pair (X,L), where L is exceptional, in the sense of 
Definition 13.21 but no longer prime. However, the exceptional property 
is unfortunately not closed, as the following example shows. 

Example 5.3. Let Y be the intersection of a quadric and a cubic in 
P 4 , which are tangent at one point yo, such that Y has an ordinary 
double point at yo- Let H be the hyperplane line bundle on Y. Y is a 
singular K3 surface of degree 6. Let 11 : X — > F be the blow-up of Y 
at yo and E C X its exceptional divisor. X is a smooth K3 surface. 
Set L := n*H ® O x (2E). Then L has degree -2, but L is not 
exceptional. Set c := Ci(L ), let D c C Def(X) be the divisor defined 
in equation 05. ip . and denote by L t the line bundle on X t with class c t , 
t G D c . Then L t has degree —2, and thus precisely one of L t or L^ 1 is 
effective ([BHPVJ, Ch. VIII Prop. 3.6). The semi-continuity theorem 
implies that L t is effective, since Lq 1 isn't and D c is connected. For a 
generic t G D c , the pair (X t , L t ) consists of a Kahler K3 surface, whose 
Picard group is generated by L t . Hence, the linear system \L t \ consists 
of a single smooth rational curve E t . The analogue of Lemma 15.11 is 
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known for such a pair (X t ,L t ), even if X t is not projective. Hence, 
Proposition 15.21 applies as well. Let D° C D c be the subset of pairs 
(X t , L t ), such that L t = Ox t (E t ), for a smooth connected rational curve 
E t . We get that D® is non-empty and the complement Z := D c \ D® is 
a closed analytic subset containing G D c . Consequently, the property 
of L t being exceptional is not closed. 

5.2. Deformation equivalence and Torelli. We introduce and re- 
late three notions of deformation equivalence of pairs. 

Definition 5.4. Let (Xi,Ei), i = 1,2, be two pairs of an irreducible 
holomorphic symplectic manifold X iy and an effective divisor Ei G 
Div(Xi). The two pairs are said to be deformation equivalent, if there 
exists a smooth proper family 7r : X —>■ T of irreducible holomorphic 
symplectic manifolds, over a connected analytic space T with finitely 
many irreducible components, a holomorphic line-bundle £ over X, a 
nowhere-vanishing section s of tt^C, points £, G T, and isomorphisms 
fi : X t . — > Xi, such that fi((s ti )o) = Ei. Above (s ti )o denotes the zero 
divisor of s t . in X f .. 

The relation is clearly symmetric and reflexive. It is also transitive, 
since we allow T to be reducible. 

Definition 5.5. Let i = 1,2, be two pairs of an irreducible 

holomorphic symplectic manifold Xi, and a line bundle L{. The two 
pairs are said to be deformation equivalent, if there exists a smooth 
proper family ir : X — ► T of irreducible holomorphic symplectic mani- 
folds, over a connected analytic space T with finitely many irreducible 
components, and a section e of FPir^'L, which is everywhere of Hodge- 
type (1, 1), points ti G T, and isomorphisms fi : X t . — > X iy such that 
(fi)*M = ci{Li). 

Definition 5.6. Let (JQ,ej), i = 1,2, be two pairs of an irreducible 
holomorphic symplectic manifold Xi, and a class G H 2 (Xi,Z). The 
two pairs are said to be deformation equivalent, if there exists a smooth 
proper family 7r : X —>■ T of irreducible holomorphic symplectic mani- 
folds, over a connected analytic space T with finitely many irreducible 
components, a section e of tPirJL, points ti G T, and isomorphisms 
fi : Af t . -» Xj, such that (fi)*(e u ) = e t . 

The three Definitions, 15.51 15.41 and 15. 6[ fits in a hierarchy. If Li = 
Xi {Ei), and := c x (Li), then 

(Xi,^) = (X 2 ,£ 2 ) => (X 1 ,L 1 ) = (X 2 ,L 2 ), 
(5.2) (J^LO^p^La) => (X 1 ,e 1 ) = (X 2 ,e 2 ). 
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Assume that the divisors Ei, i = 1,2, are prime-exceptional, and X\ 
is projective. Then both implications above are equivalences, assuming 
an affirmative answer to a version of the Torelli Question, by Propo- 
sition [5H2j For a qualified "converse" to the second implication (15. 2p . 
without assuming that Li and L 2 are effective, see Lemma 15.171 

5.2.1. Period maps. A marking, for an irreducible holomorphic sym- 
plectic manifold X, is a choice of an isometry 77 : H 2 (X, Z) — ► A with 
a fixed lattice A. The period, of the marked manifold (X, if), is the line 
r][H 2,0 (X)] considered as a point in the projective space P[A® C]. The 
period lies in the period domain 

(5.3) n := {£ : (£,£) = and (£,£)> 0}. 

Q is an open subset, in the classical topology, of the quadric in P[A®C] 
of isotropic lines [Belj . 

There is a (non-Hausdorff) moduli space OJIa of marked irreducible 
holomorphic symplectic manifolds, with a second integral cohomology 
lattice isometric to A |Hulj . The period map 

(5.4) P : m A — ► n, 

(X, V ) - V[H 2 '°(X)} 

is a local isomorphism, by the Local Torelli Theorem [Belj . The Sur- 
jectivity Theorem states that the restriction of the period map to ev- 
ery connected component of is surjective |Hulj . Assume given 
a bimeromorphic map / : X\ — > X2 and a marking 771 for X±. Let 
/* : if 2 (X2,Z) — > H 2 (Xi,7j) be the isometry induced by the bimero- 
morphic map / (see the proof of Corollary 13.61) . Set f]2 = Vi f* ■ Then 
(Xi,7)i) and (A 2 ,?72) are inseparable points of 9JIa ([Hu2j, Theorem 
2.5). Conversely, Verbitsky recently posted a proof of an affirmative 
answer to the following version of the Torelli Question ( [Ver j . Theorem 
4.24). 

Question 5.7. Let 971° be a connected component of OJIa- Let (Xi, rji) 
and (X 2 , 772) be two pairs in 9Jt A such that P(Xi, rji) = P(X 2 , r] 2 ). Does 
there necessarily exist a bimeromorphic map / : Xi — > X 2 , such that 

Assume given two deformation equivalent pairs (Aj,ej), i — 1,2, in 
the sense of Definition l5.61 Then there exist isometries rji : H 2 (Xi, Z) — ► 
A, having the following two properties: 

(1) r/i(ei) = r] 2 (e 2 ). 

(2) The marked pairs (Xi,r)i) belong to the same connected com- 
ponent 9Jt A . 
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Let A be the common value t]i{ei), % = 1,2. If both classes e\ belong 
to i? 1 ' 1 (X i ,Z), then the periods P(Xi,r]i) belong to the hyperplane 
A -1 C P[A <S> C] orthogonal to A. The intersection A -1 fl f2 is connected. 
Fix a primitive non-zero class A G A with (A, A) < 0. Let 

mix c vn° A 

be the subset parametrizing marked pairs (X, 77), such that 77 -1 (A) is 
of Hodge type (1, 1), and (k, f7 -1 (A)) > 0, for some Kahler class k on 
X. 

Claim 5.8. 9Jt AX ^ s an °P en subset o/P _1 (A ± n fi). 

Proof. Let £DT° be the subset of Tl° A , consisting of marked pairs (X, 77), 
such that (k, r? _1 (A)) > 0, for some Kahler class k on X. It suffices 
to prove that 9Jl^_ is an open subset of DJl A . Let (X ,r)o) be a point 
of 9Jt° and k a Kahler class on X satisfying (k , r?^ 1 (A) ) > 0. Let 
Def(Xo) be the Kuranishi deformation space and r/> : X — > Def(Xo) 
the semi-universal family with fiber X over G Def(X ). There 
exists an open subset {7 of Def(X ), and a differentiable section k of 
the real vector bundle (R^M.)\ in over [/, such that n t is a Kahler class 
of X t , for all t G Z7, by the proof of the Stability of Kahler manifolds 
QVoiJ, Theorem 9.3.3). We may identify U with an open subset of 
yjl A containing (X ,r) ), by the Local Torelli Theorem. We get the 
continuous function (n t , r]^ l (X)) over U, which is positive at (X , 77 ). 
Hence, there is an open subset W C U, containing (X ,?7o), such that 
(Kt,7it\\)) > 0, for all t G W. □ 

The Local Torelli Theorem implies that the period map restricts to 
a local isomorphism 

p x : ml x — > x ± nn. 

9Jl A x is thus a non-Hausdorff smooth complex manifold of dimension 
h(X)-3. 

5.2.2. Wl° AX is path- connected if Torelli holds. 

Given a point t G Q, set A*' 1 := {x G A : (x,t) = 0}. 

Lemma 5.9. Let t G X ± R fi fre a point, such that A*' 1 = span z {A}. 
JTien t/ie /i&er P A " 1 (t) consists of the isomorphism class of a single 
marked pair, assuming an affirmative answer to Question \5. 7[ 

Proof. Let (X, rj) be a marked pair in P A -1 (t). Set A := 7 7 - 1 (A). Then 
iP'^X, Z) is spanned by A, and there exists a Kahler class k , such 
that (kq, A) > 0. Let us first describe the three possibilities for the 
Kahler cone Kx and the birational Kahler cone BJCx of X. Recall that 
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BfCx is the union of the subsets /*(/Cy) C if 1 ' 1 (A, R), as / varies over 
all bimeromorphic maps / : A — > Y from X to another irreducible 
holomorphic symplectic manifold Y. Denote by A v the primitive class 
in H 2 (X, Z)*, which is a positive multiple of (A, •). Let Cx be the 
connected component of the cone {k G H 1 ' 1 ^, R) : (/«,/«) > 0}, 
which contains the Kahler cone. 

Case 1: If dX v is not represented by a rational curve, for any positive 
integer d, then BKx = K-x = Cx, by [Hu2j, Corollary 3.3. 

Case 2: Assume that A is Q-effective. Then dX is represented by a 
prime exceptional divisor E C X, for some positive integer d, which is 
uniruled, by |Bouj . Proposition 4.7. Then 

BICx = !C X = {k e C x : («,A)>0}, 

by |Bouj . Theorem 4.3. 

Case 3: Assume that dX is not effective, for any positive integer d, 
but dX is represented by a rational curve, for some positive integer d. 
Then 

K x = {neC x ■ (M)>0}, 

BKx = K-x U /C x , where 

/C x = {/tGCx : (k,A)<0}, 

by |Bouj . Theorem 4.3. 

Let (Ai, r/i) and (A2, r/2) be two marked pairs in P A " 1 (t). Then there 
exists a bimeromorphic map / : X\ — > A2, such that 772 = Tjtof*, by the 
assumed affirmative answer to Question 15.71 Set \ := ^ rl (A). Let 
be a Kahler class on A i; such that (Aj, /c») > 0. We have (Ai, /*(«2)) = 

(ihT^A), /*(«!!)) = ((/•)" V'W,^) = (^(AW = (A 2 ,k 2 ), since 
/* is an isometry. We conclude the inequality 

(5.5) (Ai,/*(«2)) > 0. 

If f*{^2) is not a Kahler class, then the birational Kahler cone BKx x 
consists of at least two connected components. Thus we must be in case 
3. So Ki G K,Xi and /*(«2) belongs to JC' X . Hence, (/*(/t 2 ),Ai) < 0, 
by the characterization of K.' x . This contradicts the inequality (15.51) . 

We conclude that f*{^2) is a Kahler class. Thus / is an isomorphism, 
by [Hu2j, Proposition 2.1, and (Ai,^i) and (A 2 ,?72) are isomorphic 
marked pairs. □ 

Question 5.10. Let (A , 770) G 971° be a marked pair, L a monodromy 
reflective line-bundle on A, and set A := 770(01 (L)). Is 9Jt° A a path- 
connected subset of 9JIa? 
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Proposition 5.11. 9Jt°A is a path-connected subset of 9Jt°, assuming 
an affirmative answer to Question \5. 7[ 

Proof. Let (X, rj) be a marked pair in 0Jt° \- Then there exists a con- 
tinuous path from (X, rj) to (X ,?7o), where if 1,1 (X ,Z) is spanned by 
770 (A), by the Local Torelli Theorem. 

Hence, it suffices to construct a continuous path between any two 
pairs (X ,r] ) and (Xi,r)i) in 921° a> sucn that ^^(Xi,!^ is cyclic, for 
i = 0, 1. Set U := P(Xi, r)i), i — 0, 1. Let / be the closed interval [0, 1]. 
Let 7 : I — > X 1 - fl Q be a continuous path from t to £i. Let I\ C / be 
the subset of points £, such that A m is cyclic. We may choose 7 so 
that l\ is a dense subset of /. 

For each t e Ii, there exists a unique isomorphism class of a marked 
pair (X t ,r)t) with period 7(i), by Lemma [5791 Choose an open path- 
connected subset Ut C A , containing (X t ,rjt), such that Pa restricts 
to U t as an open embedding. This is possible, by the Local Torelli 
Theorem. We get the open covering 7(f) C U te j 1 P\(^t)- Choose a 
finite sub-covering UjL P\(U tj ) of 7(1), with = t < t\ < • • ■ < t N = 
1. Choose an increasing subsequence Tj :— t$ f , < j < k, such that 
T o — to, T k = £jv, and P\(U T ) fl P\(U T +1 ) is non-empty. Choose points 
Sj-j+i in P\(U Tj ) nP\(U Tj+1 ), such that A*' 1 is cyclic, and let be 
the unique point of £01° A over Sjj+i- Then belongs to U T . fl ?7 r . +1 . 
Choose continuous paths aj in U T , from Sj-ij to (X T ,,r] T ,), if j > 0, 
and (5 j in f/ Tj from (X Tj ,^ Tj ) to Sjj+i, if j < fc. Then the concatenated 
path /3 ai/5i • ■ ■ ak-iPk-i^k is a continuous path from the isomorphism 
class of (X ,r] ) to that of (X 1 ,r]i). □ 

5.2.3. Deformation equivalent monodromy-reflective line-bundles are si- 
multaneously stably-Q- effective or not stably-Q- effective. 

Proposition 5.12. Let (X\,Ex), (X 2 ,E 2 ) be two pairs, of irreducible 
holomorphic symplectic manifolds Xi and prime exceptional divisors 
Ei C X{. Assume that X\ is projective and (Xi, [Ei]) is deformation 
equivalent to (X 2 , [E 2 ]), in the sense of Definition ^. 6[ Assume that 
for some, and hence any, marking 7]i of X\, Question \5.10\ has an 
affirmative answer for the connected component 9Jt° of(Xi,rji) and for 
A = r]i{[E]\). Then (Xi, Ei) and (X 2 ,E 2 ) are deformation equivalent 
in the sense of Definition \5.4 

Proof. We assume, for simplicity of notation, that the class [Ei] is prim- 
itive. The generalization of the proof to the case [Ei] = 2ei is straight- 
forward. As noted above, we can choose a marking i] 2 of X 2 , such that 
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{X 2 , r] 2 ) belongs to 971° and r] 2 ([E 2 }) = A. Any Kaler class k on X 2 sat- 
isfies (k, [E 2 ]) > 0, since E 2 is effective |Hulj . Hence, (X 2 ,r/ 2 ) belongs 
toWl° A)X . 

Choose a continuous path 7 : [0, 1] — > Wl° A A from (X\, 771) to (X 2 , fj 2 ). 
Further choose a sufficiently fine partition of the unit interval 

= t < h < ■ ■■ <t N = 1 

and open connected subsets Ui C 971° A , 1 < i < N, such that 7([tj_i, t,]) 
is contained in Ui, and the restriction of P to U is an open embedding 
Pi : Ui A -1 fl fi. This is possible by the Local Torelli Theorem. 

Claim 5.13. For eac/i 1 < i < iV — 1, i/iere exists a marked pair 
(Yi,Lpi) in Ui fl t/j+i, swc/i t/iat Fj zs projective, and y9~ 1 (A) t/ie class 
of a prime exceptional divisor on Yi . 

Proof. Following is an iterative process of constructing the pairs (Yi, 
Set (Y , (fo) = (Xi,rji). Assume that i = 1, or that 1 < i < N — 1 and 
(Yj,ipj) exists for all 1 < j < i. The pair iy^xi'Pi-i) belongs to C/j. 
Proposition 15.21 implies that there exists a closed analytic subvariety 
Zi C Ui, not containing <£>i-i), such that for every (X, r/) in U\Zi, 

77 -1 (A) is the class of a prime exceptional divisor E C X. The locus of 
projective marked pairs is dense in Ui fl U i+ i, by [Hu3] . Proposition 21. 
Hence, there exists a projective pair (Fj, (fj) in [Z7j \ Zj] fl U i+ i. □ 

Set (Y/Vj^jy) := (X 2 ,i] 2 ). Let C Y t be the prime exceptional 
divisor with [Di] = ?7^ 1 (A). It remains to prove that is de- 

formation equivalent to (Yi, Di), for 1 < i < N. Both pairs {Yi-i, (fi-i) 
and (Yi,(fi) belong to C/j \ by construction, for i < N, and by the 
characterization of in Proposition 15. 2[ for i = N. Proposition 15.21 
exhibits a divisor Si in the restriction of X to U\ Z iy whose fiber over 
the pair (Yi, <fj) is Di, and whose fiber over the pair V^-i) is -^i-i- 

This completes the proof of Proposition 15.121 □ 

The following variant of Proposition 15.121 will be used in the deriva- 
tion of Conjecture 11.111 from Torelli. 

Proposition 5.14. Let X and Y be two irreducible holomorphic sym- 
plectic manifolds, with X projective, E C X a prime exceptional divi- 
sor, and L a line bundle on Y. Set c := Ci(L). Assume that (X, [E]) 
and (Y, c) are deformation equivalent in the sense of Definition 15.61 
Assume further that there exists a Kahler class k on Y , such that 
(n,c) > 0. Finally assume an affirmative answer to Question \ 5.1Ch 
with a marking 77 for X and with A = i]([E]) . Then L is stably-effective 
(in the sense of Conjecture 
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The above Proposition was proven in the course of proving Proposi- 
tion Em 

Corollary 5.15. Let (X\, Li) and (X2, L2) be two pairs, each of an 
irreducible holomorphic symplectic manifold X i; and a monodromy- 
reflective line bundle Li. Set e, := Ci(Lj). Assume that Xi is projective, 
ke\ is the class of a prime exceptional divisor E\, for some non-zero 
integer k, and H°(X 2 , L 2 ) vanishes, for all non-zero integers d. Fi- 
nally assume an affirmative answer to Question \5.1(A with a marking rj 
for X\ and with A = f]{ei). Then the pairs (X\,ei) and (X2,e2) are 
not deformation equivalent, in the sense of Definition 15. 61 

Proof. If (Xi, ei) and (X 2 , e 2 ) were deformation equivalent, in the sense 
of Definition I5.6[ then H°(X2, L 2 ) would not vanish for d = k or d = 
—k, by Proposition 15.141 and the semi-continuity theorem. □ 

5.3. Deformation equivalence and monodromy-invariants. Let 

Mon 2 (X) be the monodromy group, introduced in Definition II. 31 Let 
I(X) C H 2 (X,/L) be a Mon 2 (X)-invariant subset and let E be a set. 

Definition 5.16. A function / : I(X) — > S is a monodromy-invariant, 
if /(e) = f(g(e)), for all g G Mon 2 (X). The function / is said to be a 
faithful monodromy-invariant, if the function / : I(X)/Mon 2 (X) — > S, 
induced by /, is injective. 

Given an irreducible holomorphic symplectic manifold X', deforma- 
tion equivalent to X, denote by I(X') C H 2 (X',Z) the set of all 
classes e', such that (X',e') is deformation equivalent to (X, e), for 
some e G I(X), in the sense of Definition 15. 61 

Assume that / : I(X) —>■ S is a monodromy-invariant function. 
Then / admits a natural extension to a function / : I(X') — ► S, 
for every irreducible holomorphic symplectic manifold X' deformation 
equivalent to X. The extension is uniquely determined by the following 
condition. Given any smooth and proper family n : X — > T , of irre- 
ducible holomorphic symplectic manifolds deformation equivalent to X, 
and any flat section e of the local system i? 2 7r*Z ; the function /(e) is 
locally constant, in the classical topology of the analytic space T. We 
denote this extension by / as well. The following statement relates 
monodromy invariants to deformation equivalence. 

Lemma 5.17. Let f : I(X) — > S be a faithful monodromy-invariant 
function. Assume given two pairs (Xi,ei), % — 1,2, with Xi deforma- 
tion equivalent to X and G I(Xi). 

(1) /(ei) = f(e 2 ) if and only if(Xi,ei) and (X 2 ,e2) are deforma- 
tion equivalent, in the sense of Definition ^. 6[ 
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(2) Assume that f{e{) = /(e 2 ), &i = ci(Lj), for holomorphic line 
bundles Li on X i; and there exist Kahler classes Ki on X i; sat- 
isfying (/«i,ej) > 0, for i = 1,2. Assume, furthermore, an 
affirmative answer to Question \5.1U with a marking r\ for X\ 
and with A = T]{e\). Then (X 1; L{) is deformation equivalent to 
(X 2 ,L 2 ), in the sense of Definition 1 5. 51 

Proof. Part [I] is evident. Part [2] follows from part [1] and the assumed 
connectedness of 971° \- □ 

6. MONODROMY-IN VARIANTS FROM MUKAl'S ISOMORPHISM 

Let S be a K3 surface and M a smooth and projective moduli space 
of stable coherent sheaves on S. In section 12.11 we recalled Mukai's 
embedding 9~ l : H 2 (M, Z) — ► K(S), of the second cohomology of M, 
as a sub-lattice of the Mukai lattice. In section 16.11 we use this em- 
bedding to define a monodromy invariant of a class in H 2 (M, Z). The 
values of this monodromy invariant, for monodromy-reflective classes, 
are calculated in sections 16.21 and [71 

6.1. A rank two sub-lattice of the Mukai lattice. Let A be the 

unimodular lattice E$(— l) 02 © f/® 4 , where U is the rank two unimod- 
ular hyperbolic lattice. A is isometric to the Mukai lattice of a K3 
surface. Let X be an irreducible holomorphic symplectic manifold of 
-O^l-type, n > 2. Choose an embedding t : H 2 (X,Z) ^ A in the 
canonical 0(A)-orbit of X provided by Theorem 11.61 Let v be a gener- 
ator of the rank 1 sub-lattice of A orthogonal to the image of l. Then 
(v,v) = 2n — 2. Let e be a primitive class in H 2 (X, Z) satisfying 
(e, e) = 2 — 2n. We get the sub-lattice 



Definition 6.1. Two pairs (L», e*), i = 1, 2, each consisting of a lattice 
Li and a class G Li, are said to be isometric, if there exists an 
isometry g : L\ — ► L 2 , such that g(ei) = e 2 . 

Let {/ be the rank 2 even unimodular hyperbolic lattice. Let U(2) be 



L := span z {e,f} C A, 




the rank 2 lattice with Gram-matrix 



( 







) -2 
2 



) 



. Let H ei , be the rank 
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2 lattice with Gram-matrix f ^ ° 2 J . Let Z"PO C 7/~ 2 (X, Z) be the 

subset of primitive classes of degree 2 — 2n, such that div(e, •) = n — 1 
or div(e, •) = 2n — 2. Let J n (L) C L be the subset of primitive classes of 
degree 2 — 2n. Let p be the largest positive integer, such that (e + v)/p 
is an integral class. Define the integer a similarly using (e — v). 

Proposition 6.2. (1) The isometry class of the lattice L is deter- 
mined as follows. 



U if div(e, 

H ev if div(e, 

17(2) if div(e, 

U{2) if div(e, 

H ev if div(e, 



2n - 2, 

n — 1 and n is even, 
n — 1 and n is odd, n ^ 1 (mot! 8). 
n — 1, n = 1 {mod 8) and pa = 2n — 2. 
n — 1, n = 1 (mod 8) and pa = n — 1. 



(2) Consider the function 

f : I'^X) — I n {U)/0{U) U I n (U(2))/0(U(2)) U I n (H ev )/0(H ev ), 

which sends the pair (X,e), e G 7"(X), to iae isometry class 
of the pair (L, e), consisting of the primitive sub-lattice Lc A, 
given m equation 1(6. and the class e G I n {L). Then f is a 
faithful monodromy-invariant function (Definition \5.16\) . 

The proposition is proven below in Lemmas 17.11 and 17.31 We provide 
an explicit and easily computable classification of the isometry classes 
of the pairs (L, e) in Lemma 16.41 

Let L be a rank 2 even lattice of signature (1,1). Let I n (L ) C L 
be the subset of primitive classes e with (e, e) = 2 — 2n. Let Il ^(X) C 
I'n{X) be the subset consisting of classes e, such that the lattice L in 
equation (jfi.ip is isometric to L . Consider the function 

(6.2) f:I L<hn {X)^I n (L )/O(L ), 

which sends the pair (X, e) to the isometry class of the pair (L, e). The 
faithfulness statement in Proposition 16.21 follows from the following 
general statement. 

Lemma 6.3. The function f , given in A6.2\) . is a faithful monodromy 
invariant. 

Proof. Let ei, e<i be two classes in Ii 0tn (X). Denote by Lj the primitive 
rank 2 sub-lattice of A associated to Cj in equation ( 16. ip . via a primitive 
embedding l : H 2 (X,Z) — > A in the canonical 0(A)-orbit, j = 1,2. 
Denote t(e 3 -) by as well. 
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Assume that f{e{) = f{&2)- Then there exists an isometry g : L\ — > 
L 2 , such that g(ei) = e 2 . Let v G A be a generator of i[H 2 (X, 
Then v is orthogonal to ej. Hence, g(v) = v or g(v) = —v. If g(v) = —v, 
set g' := —(R e2 ° <?)• Then g' \ Lx —> L 2 is an isometry satisfying 
g'(ei) = e 2 and g'(t>) = v. Hence, we may assume that g{v) = v. 

There exists an isometry 7 G + (A), such that 7(^1) = L 2 and 
7 restricts to L\ as g, by [Ni], Theorem 1.14.4. Then 7(f) = v and 
so 7 o l = l o /i, for some isometry G + H 2 (X, Z). The fact that 
the isometry /1 extends to A implies that p belongs to Mon 2 (X), by 
[Ma2j, Theorem 1.6 (sec also Lemma 4.10 part (3) in [Ma2]). Now 
t(ju(ei)) = T( t ( e i)) = L ( e 2)- So /i(ei) = e 2 . □ 

6.2. Isometry orbits in three rank two lattices. Set 



; • •= v -2 ; ■ '' 2 * ■= v -2 

Given an integer m, let T{m) be the set of unordered pairs {r, s} of 
positive integers, such that rs = m and gcd(r, s) = 1. Set 

E n (C7) := ^(n-1), 

S n (C/(2)) := .F([n-l]/2), if n is odd, 

— 1) if n ^ 1 (modulo) 4, 
.F([n - l]/4) if n = 1 (modulo) 4. 



Lemma 6.4. Lei L 6e C/ ; H ev , or U(2), and e G I n {L), n > 2. Choose 
a generator v of the sub-lattice of L orthogonal to e. 

(1) Let p be the largest positive integer, such that (e + v)/p is an 
integral class of L. Define the integer a similarly using (e — v). 
Then gcd(p, a) is 1 or 2. 

(2) The integers r := pj gcd(p, a) and s := a/ gcd(p, a) have the 
following properties. 

(a) If L = U, then rs = n — 1, and the classes a := and 
(3 := form a basis of L with Gram-matrix Mjj. 

(b) If L = U(2), then n is odd, rs = (n — l)/2, and the classes 
a := and (3 := form a basis of L with Gram-matrix 



2r • 2s 

M v j 2) . 

(c) If L = H ev and n is even, then rs = n — 1 and the classes 
a := i [S±H - 2=2] and (3 := \ [s±H + 2=2] /orm a 0/ 

L u>z£/i Gram-matrix Mff ev - 
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(d) If L = H ev andn is odd, thenn = 1 modulo A, rs = (n— 1)/4, 



and the classes a :- 



e+v 
2r 



I e— v 
^ 2s 



and(3:=l[ 

form a basis of L with Gram-matrix Mh ev ■ 

(3) If we replace v by —v, then (r,s) gets replaced by (s,r). 

(4) Let rs : I n (L) — ► S„(L) &e i/ie function, which assigns to a 
class e G I n {L) the unordered pair {r, s} occurring in the above 
factorization. Then rs factors through a one-to-one correspon- 
dence 



rs : I n {L)/0(L) 



£ n (L). 



Proof. Let {wi,^} be a basis of L with Gram-matrix Mg. Observe 
first that O(L) is isomorphic to Z/2Z x Z/2Z. Indeed, each of 0(C/) 
and 0(f/(2)) is generated by —id and the isometry, which interchanges 
u\ and m 2 . 0(H ev ) is generated by the two commuting reflections with 
respect to U\ and u<i- Write 

e = aui + 6m 2 . 

Case L = U. We have n — 1 = — (e, e)/2 = a6 and gcd(a, 6) = 1, since 
e is primitive. Note also that a and b have the same sign. Set v := 
a«i — bu 2 . Then = U\ and = m 2 . Thus r = |a| and s — f\, 



and part [2] holds. Part [3] is clear. Part H] follows from part [3] and the 
identification of 0(U) above. 

Case L = U(2). We may identify the free abelian groups underlying U 
and i7(2), so that the bilinear form on {7(2) is 2 times that of U. The 
statement of the Lemma follows immediately from the case L = U . 

Case L = H ev . We have 2 — In = (e, e) = 2(a — b)(a + b). So 6 — a and 
6 + a have the same sign, since n > 2. If n is odd, then both a and 
6 are odd, since gcd(a, b) = 1 and (a — 6) (a + 6) is even. If n is even, 
then {a, 6} consists of one odd and one even integer. Furthermore, 



gcd(6 — a,b + a) = gcd(6 — a, 2a) 



Choose v = bui + au 2 - We have 



1 

U\ = - 
2 



e + t> e — f 



a + b b — a 



u 2 = - 



1, if n is even, 

2, if n is odd. 



e + v e — v 
a + b b — a 



Hence, r = |a + fc| and s = |f> — aj, if n is even, and r = |a + £j/2 and 
s = |6 — aj/2, if n is odd. The rest is similar to the case L = U. □ 
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The following table summarizes how the statements of Proposition 
16.21 and Lemma E3] determine the lattice L and the pair {r, s} in terms 
of (e,e), div(e, •), n, and {p, a}. 





(e,e) 


div(e, •) 


n 


pa 


L 


{r,s} 


r • s 


1) 


2 - 2n 


2n - 2 


> 2 


An- A 


U 


IE £\ 
l 2 ' 2 J 


n — 1 


2) 


2 - 2n 


n — 1 


even 


n — 1 


H ev 


tVM 


n — 1 


3) 


2-2n 


n — 1 


odd 


2n - 2 


U(2) 


12' 2 / 


(n-l)/2 


4) 


2-2n 


n — 1 


= 1 modulo 8 


n — 1 




{£ £) 

\2> 2/ 


(n - l)/4 



In line 3 cases where n = 1 modulo 8 occur as well. 



7. MONODROMY-INVARIANTS OF MONODROMY- REFLECTIVE 

CLASSES 

Fix n > 2. Let X be a (Kahler) irreducible holomorphic symplectic 
manifold of 7^3^-type. We define in this section the monodromy in- 
variant function rs of Proposition II .81 and prove that proposition. Part 
[2] of the Proposition was treated in [Ma2j . Lemma 8.9. We thus con- 
sider only part [H We will relate this latter part to Proposition 16.21 and 
prove Proposition 16.21 

It will be convenient to use the following normalization. Fix an isom- 
etry A = K(S), for some K3 surface S, and use Mukai's notation for 
classes in the Mukai lattice K(S). The isometry group 0(A) acts tran- 
sitively on the set of primitive classes in A of degree 2n — 2. Hence, we 
may choose the embedding i : H 2 (X, Z) — > A, so that v = (1,0,1 — n) 
is orthogonal to the image of i. Then v L = H 2 (S,Z) © Z8, where 
5 := (l,0,n-l). Thus 

(7.1) e = x + td, 

for some integer t and a class x G H 2 (S, Z). 

7.1. The divisibility case div(e, •) = (e,e). 

Let I n (X) C H 2 (X, Z) be the subset of all primitive classes e, satisfying 
(e, e) = 2 — 2n and div(e, •) = 2n — 2. Recall that X n ([7) is the set 
of unordered pairs {r, s} of positive integers, such that rs = n — 1 and 
gcd(r, s) = 1. 

Lemma 7.1. If e belongs to I n (X), then L is isometric to the unimod- 
ular hyperbolic plane U. Denote by 



rs : I n (X) — £ n (£0 
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the composition of the function f : I n (X) — > I n (U)/0(U), defined 
in equation $6.ty) . u^/j the bijection rs : I n {U)/0(U) — ► S n (C7) con- 
structed in Lemma \6.4\ Then the function rs : I n (X) — > S n (Z7) 
surjective and a faithful monodromy-invariant ( Definition \5.16]) . 

Proof. Write e = x + t8 as in equation (17.11) . The assumption that 
div(e, •) = 2n — 2 implies that x = (2n — 2)£, for a class £ G H 2 (S, Z). 
We clearly have the equality 

2 - 2n = (e, e) = (x, x) + t 2 (5, 5) = (2 - 2n) 2 (£, f ) + (2 - 2n)t 2 . 

Hence, we get the equality 

t 2 -l = (2n-2)(£,0- 

Consequently, 4n — 4 divides (t — l)(t + 1). Thus n — 1 divides ^p^r- 
Now gcd (^r, ^r) = 1- We get a unique factorization n — 1 = rs, 
where s divides (t — l)/2, r divides (t + l)/2, and gcd(r, s) = 1. We 
may assume that s is odd, possibly after replacing the embedding i by 
—l, which replaces t by —t. 

Using the above factorization n — 1 = rs, we get 

e + v = Ira, where, a := , s£, 

\ 2r 2 

/t - 1 , (t + l)r 
e-v = 2s/3, where, /?:=l-^— ,r£, 

and the classes a and f3 belongs to L. The Gram-matrix of {a,/3} is 
a, a) (a, /3) \ _ / (e + t>, e + t>)/4r 2 (e + e — v)/4rs 
a, (3) {/3, P) ) ~ \ {e + v,e-v)//4rs {e - v,e - v)/As 2 
-1 
-1 

We conclude that span{a,/3} is a unimodular sub-lattice of A. Hence, 
L = span{a, 0} and L = U. 

The function rs is shown to be surjective in Example 17.21 The faith- 
fulness of the monodromy-invariant rs was proven in Lemma 16. 31 □ 

Example 7.2. (Compare with section I2~2l above). Choose a factor- 
ization n — 1 = rs, with s > r > 0, and gcd(r, s) = 1. Let 5 be 
a projective surface, t> = (r, 0, — s) G K(S), H a ^-generic polar- 
ization, and X = Mff(r,0,-s). Let i : H 2 (M H {r, 0, -s), Z) 
be the embedding given in (I2.3p . Set e := 0(r, 0, s). The class e is 
monodromy-reflective and div(e, •) = 2n — 2. Now (t> + e)/2r = (1, 0, 0) 
and (e — v)/2s = (0,0,1). We get that rs(e) = {r, s}, by Lemma I6T41 
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7.2. The divisibility case div(e, •) = (e, e)/2. 

Let n be an integer > 2. Let I' n (X) C H 2 (X, Z) be the subset of all 
primitive classes e satisfying (e, e) = 2 — 2n, and div(e, •) = n — 1. 

{T, n (H ev ) if n is even, 

E n (£7(2)) if n is odd, but n ^ 1 modulo 8. 

E n ([/(2)) U £„(#„,) if n = 1 modulo 8. 
In each of the above three cases, let 1C n be the union of the sets 
I n (L)/0(L) as L ranges through the one or two lattices appearing. 

Lemma 7.3. Let e be a class in I' n (X). 

(1) If n is even, then L is isometric to H ev . 

(2) If n is odd, then L is isometric to U(2) or to H ev . The latter 
occurs only if n = 1 modulo 8 . 

In both cases, let 

rs : l' n {X) — > K 

be the composition of the function f : I' n {X) — > XC n; defined in equa- 
tion Ii6. 2\) , with the bisection rs : TC n — > E^ ; constructed in Lemma 
6.4 Then the function rs : I' n (X) — > E^ zs surjective and a faithful 



monodromy-invariant ( Definition \5.16]) . 

Proof. Let us first observe that L can not be unimodular. Assume 
otherwise. Then A decomposes as an orthogonal direct sum L © L x . 
Consequently, v 1 decomposes as the orthogonal direct sum L L ©Z{e}. 
But then div(e, •) = 2n — 2. 

We keep the normalization e = x + tS of equation (17. lft . The as- 
sumption that div(e, •) = n — 1 implies that x = (n — 1)£, for a class 
^ G i^ 2 (X, Z). We have the equality 

((2 _ 1} = (~-i)«,0 | 

deduced in ( 14. 7p . Hence, n — 1 divides t 2 — 1. 
Case n is even: Then n — 1 is odd. Set 

r := gcd(t + 1, n — 1), s := gcd(t — 1, n — 1). 

Then both r and s are odd and gcd(r, s) divides gcd(t — 1, t + 1). We 
conclude that gcd(r, s) = 1 and rs divides n — 1. Now n — 1 divides 
(£ — 1). Thus, n — 1 divides rs and so rs = n — 1. Set 

e + v e — v 



1 

a :— - 
2 

"-5 



r s 

e + f e — v 
+ 

r s 



' ' ! ' ' > - r)^, (s - r)t - s 



(s + r)£, (s + r)t + r — s 



2 \ r s 
1/t + l t-1 



2 \ r 
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Note the equality — — — = ( s r)t+s+r ^ e f ac ^ the d eri om- 
inator is odd, while the numerator is even. Hence, a, j3 are integral 

classes of A and ( ( "' a) ^ \- ( 2 ° 
classes ol A and ^ ^ ^ J - ^ Q _ 2 

Claim 7.4. L = span{a,/3}. 

Proof. Suppose otherwise. Then L strictly contains V := span{a,/3}. 
Let d be the index of V in L. Then the determinant of the Gram- 
matrix of L is d 2 times the determinant of the^Gram- matrix of V ' . 
The latter determinant is —4. It follows that L is unimodular. A 
contradiction. □ 

Case n is odd: Then t is odd, by equation (14.71) . Set 

, fn-l t + l\ . fn-l t-1 

r:=gcd^,^-j, s:=gcd(^— ,_ 

Then rs divides (n — l)/2, since gcd (^jp, MO = 1. 

Case n is odd and (£,£)/2 is even: 
Then (n - l)/2 divides (t + l)(t - l)/4, by equation (j477J). Hence, 
rs = (n - l)/2. Set 

:= e -^ 1 =( t -^ 1 ,^r(t + i: 



Then a ane /3 are integral classes of A and 

-2 
-2 



(a, a) (a, (3) 
(«,/?) (A/3) 



. We conclude the equality L = span{a,/5}, by the argu- 
ment used in Claim [T~4l 

Case n is odd and (£,£)/2 is odd: Let 2 k be the largest power of 2, 
which divides t 2 — 1. Then > 3. Furthermore, 2 k divides n — 1, by 
equation (14.71) . Thus n = 1 (modulo 8). The set {r, s} consists of one 
odd and one even integer. Say s is odd. Then 2 k ~ 2 is the largest power 
of 2, which divides r. We conclude that rs = (n — l)/4. Furthermore, 
both (i + l)/2r and (t - I) /2s are odd. Set 



1 

a :— - 
2 



e + v e — v 

2r + 2s 
e + v e — v 



2r 2s 



' / ' ' + ( 2s + 2r )e, 2s(t - 1) + 2r(t + i; 



, (2s - 2r)£, 2s{t - 1) - 2r(t + 1) 



2 V 2r 2s 



2 V 2r 2s 
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Then a and 8 are integral classes of A and ( in\ ina\ I — 
_2 o \ ~ 

g 2 )• We conclude the equality L = span{a,/3}, by the ar- 
gument used in Claim l?~4"l 

The function rs is shown to be surjective in Examples 17.51 and 17.61 
The faithfulness of the monodromy invariant rs was proven in Lemma 
E3 □ 

Example 7.5. Let s > r > 1 be positive integers with gcd(r, s) = 1. 
Set n := rs + 1. Let S be a projective K3 surface, set v := (r, 0, — s), 
and let H be a t> -generic polarization of S. Set M := Mjj(v). Let A 
be a primitive isotropic class in H 2 (S, Z). Set e := 0(r, (n — l)v4, s). 
Then e is monodromy-reflective and div(e, •) = n — 1. If n is even, 
then (M, e) is an example of case[T]of Lemma T7.31 with rs(e) = {r, s}. 
If n is odd, then n — 1 = rs is even and precisely one of r or s is 
even. (M, e) is an example of case [2] of Lemma [7T3| with L = U(2) and 
rs(e) = {r/2, s}, if r is even, and rs(e) = {r, s/2}, if s is even. 



Example 7.6. We exhibit next examples of the case of Lemma I7.3[ 
where X = S^ n \ n = 1 modulo 8, and L = H ev . Set n — Sk + 1, k an 
integer > 1. Choose a factorization 2/c = rs, with r even, s odd, and 
gcd(r, s) = 1. There exists an integer A, such that Ar = —1 modulo s, 
since gcd(s, r) = 1. If A is a solution, so is X + s. Hence, we may assume 
that A is an odd and positive integral solution. Set g := [rA + l]/s. 
Then g is a positive odd integer. 

Let S be a _fT3 surface with a primitive class £ G Pic(S') of degree 
(Z,Z) = 2\g. Set 

u:=(l,0,l-n) and e := (2Ar + 1, (n - [2Ar + l](n - 1)). 

Then (e, e) = 2 — 2n, by following two equalities. 

(e, e) = (n - l)[2A<?(n - 1) - 2(4{r 2 A 2 + rA} + 1)] 

and 2Xg(n — 1) = 8r\sg = 8rX(rX + 1). The class e is primitive, since 
gcd(2Ar+l,n— 1) = gcd(2Ar+l, 4rs) = gcd(2Ar + l, s) = gcd(— 1, s) = 
1. The classes ^ = (g, 2r£, 4Ar 2 ) and t=t = (A, 2s^, 4^s 2 ) are integral 

and primitive. We conclude that L = H ev , by Proposition 16.21 part fTl 
and rs(e) = {r, s}, by Lemma [6.41 
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8. Numerical characterization of exceptional classes via 

TORELLI 



The following table points to an example provided in this paper, for 
each possible value of the quadruple {n, (e,e), div(e, •), rs(e)}, for a 
monodromy reflective class e. 



(e,e) 


div(e, •) 


L 


{r,s} 


n 


Reference 


-2 


1 


NA 


NA 


> 2 


Examples [102, 10.5 


-2 


2 


NA 


NA 


> 6 and 
= 2 mod 4 


Example 110.61 


-2 


2 


NA 


NA 


= 2 


Example 110.131 


2 - 2n 


2n - 2 


[/ 


{l,n-l} 


> 2 


Example 110.131 


2-2n 


2n-2 


[/ 


{2,(n-l)/2} 


> 7 and 
= 3 mod 4 


Lemma 110. 161 part [21 


2-2n 


2n-2 


[/ 


s > r > 2 
gcd(r, s) = 1 


= rs + 1 


Proposition 111.11 


2-2n 


n — 1 


H ev 


{1,71-1} 


> 4, even 


Lemma 10. 161 part [Tl 


2-2n 


n — 1 


U{2) 


{l,(n-l)/2} 


> 3, odd 


Lemma 110. 161 part [Tl 


2-2n 


n — 1 


H ev 


r > 3, s > 3 
gcd(r, s) = 1 


= rs + 1 
even 


Lemma 111.21 


2-2n 


n — 1 


U(2) 


r > 3, s > 2 
gcd(r, s) = 1 


= 2rs + 1 


Lemma 111.21 


2-2n 


n — 1 


H ev 


r even, s odd 
gcd(r, s) = 1 


= 4rs + 1 


Example 111.31 



The congruence constraints on n are necessary. If (e, e) = —2 and 
div(e, •) = 2, then n = 2 (modulo 4), by [Ma2| . Lemma 8.9. If rs(e) = 
{2, (n — l)/2}, then n = 3 (modulo 4), in order for {2, (n— l)/2} to be 
a pair of relatively prime integers. If (e, e) = 2 — 2n, div(e, •) = n — 1, 
n > 2, and rs(e) = {1, n — 1}, then n must be even, since for odd n 
the product of r and s is equal to (n — l)/2 or (n — l)/4, by Lemmas 
17.31 and 16.41 This explains also the value of n in the last three rows. 

Proof. (Of Theorem II . 12]) . Set e := Ci(L). The pair (X, e) is deforma- 
tion equivalent, in the sense of Definition 15. 61 to a pair (M, c) appearing 
in the above table of examples, by Proposition [LTS] and Lemma 15 . 1 71 part 
CD M is projective and Conjecture 11.111 holds for (M, c), by the ex- 
ample referred to in the table. Suppose that L is numerically effective. 
Then Part [TJ of Conjecture II. Ill follows for (X, L), by Proposition 15. 141 
Suppose next that L is not numerically effective. We prove part [2] of 
Conjecture 11.111 by contradiction. Assume that part [2]fails. Then there 
exists a non-zero integer k, such that h°(X t ,L^) > 0, for all t G D e . 
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We may assume that the absolute value is minimal with the above 
property. Now Pic(X t ) is cyclic, for a generic t G D e . Hence, the linear 
system \L^ \ must have a member E t , which is a prime divisor, by the 
minimality of It follows that E t is the unique member of the linear 
system, by [Bou] . Proposition 3.13. Hence, h°(X t ,L^) = 1, away from 
a closed analytic proper subset Z C D e . 

Set U := D e \ Z and let Xjj be the restriction of the semi-universal 
family from Def(X) to U. There exists an irreducible divisor £ C 
Xy, which does not contain the fiber X t , for any t G U, and which 
intersects X t along a divisor in \L^\, by the argument used in the proof 
of Proposition 15.21 The argument furthermore shows, that there exists 
a closed analytic proper subset Z\ C U, such that the fiber E t of £ 
is a prime divisor, over all points t G U \ Z\. We do not need the 
projectivity assumption, as it was used in the proof of Proposition 15.21 
only to establish that the generic dimension of h°(X t ,L t ) is 1, a fact 
which was already established above. 

We conclude the existence of a pair ei), parametrized by a point 
in U\Zi, such that X 1 is projective, by [Hu3j . Proposition 21. Let L 2 
be the line bundle on M with Ci(L 2 ) = c. Then if°(M, L|) vanishes, 
for all non-zero integers d, since L 2 is not numerically exceptional, 
and the examples mentioned in the above table have this property, 
whenever c is not numerically exceptional. Hence, (Xi,ei) and (M, c) 
are not deformation equivalent, by Corollary 15.151 On the other hand, 
(Xi,ei) is deformation equivalent to (X, e), and hence to (M,c). A 
contradiction. □ 

9. Conditions for the existence of slope-stable vector 

BUNDLES 

Let S be a projective K3 surface with a cyclic Picard group gen- 
erated by an ample line-bundle H. We assemble in section 19.11 neces- 
sary conditions for the existence of locally-free i7-slope-stable sheaves 
(Lemmas 19.21 19T3"1 and 19.41) . In section I9~21 we bound the dimension of 
the locus Exc of if -stable sheaves, which are not locally free or not 
if -slope-stable. The sheaves F considered all have the following invo- 
lutive property: there exists an integer t, such that the classes in K(S) 
of F and F* ® H l are equal. Equivalently, ci(F) = tlE^iEl f or SO me 
integer t, where h := Ci(if). 

The results of this section are only lightly used in section [10], but are 
essential to the examples in section [TTJ 

9.1. Necessary conditions. Set h := C\(H) G H 2 (S,7i) and d : = 
deg(#)/2. 
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Lemma 9.1. Let F be a locally free H-stable sheaf of rank r satisfying 
Ci(F) = for some integer t. Then F* is H-stable, if and only if F 
is H -slope-stable. In particular, if r = 2, then F is H -slope-stable. 

Proof. After tensorization by a power of H, we may reduce to the case 
where either ci(F) = 0, or r = 2p is even and c\(F) = ph. Assume that 
we are in one of these cases. If ci(F) = 0, set L := Og- If Ci(F) = ph, 
set L := H. In either case, we have the equality [F] = [F* ® L\ of 
classes in K(S). Furthermore, a sheaf G is F-stable if and only if 
G (g> L is //"-stable. 

If F is //-slope-stable, then so is F*. Hence F* is //-stable as well. 
F is F-slope-semi-stable, since it is H-stable. Suppose that F is not 
//-slope-stable, then there exists a saturated subsheaf F\ C F, of rank 
(say) ri, with c\(F\) = (ri/r)c\(F) and < r\ < r. Set F 2 := F/Fi, 
and r2 := r — r%. //-stability of F yields the inequality x ^ > ^p-. 
We get the injective homomorphism F 2 — > F*, and the inequalities: 

X(F2®L) _ X (F?) > X (F 2 ) y X (F) _ X(F*®L) 
r 2 r 2 — r 2 r r 

Hence, F* ® L is i/-unstable. Consequently, F* is //-unstable. 

If r = 2, then F*®L is isomorphic to F and thus F* is //-stable. □ 

Lemma 9.2. Lei F be a locally free H- slope- stable sheaf of class v = 
(r, 0, — s). Then v = (1,0,1) or s > r > 2. 

Proof. If rank(F) = 1, then F is isomorphic to Os, since F is locally 
free, and so s = — 1. Assume that t> 7^ (1,0, 1). Then H°(F) vanishes, 
by the //-stability of F. Similarly, H 2 (F)* = H°(F*) = (0), by the 
F"-slope-stability of F*. Thus, r - s = x(F) = - dim H l (F) < 0. □ 

Lemma 19.21 states a necessary condition for the existence of a locally 
free F^-slope-stable sheaf of class v with c\(v) = (slope 0). This 
condition is of Brill- Noether type. It states that x( v ) < 0, unless v 
is the class u = (1,0,1) of the trivial line-bundle. If x( v ) ^ 0, then 
the locus of sheaves with non-zero global sections is expected to have 
positive co-dimension. The condition x( v ) < translates to (u,v) > 0. 
The following Lemma states a similar condition, for a class v with non- 
zero slope. The condition is again of Brill-Noether type, with respect 
to a simple and rigid sheaf E of the same slope as v. 

Lemma 9.3. Let F be a locally free H -slope-stable sheaf of class v = 
(2r,rh, —b) , where r > 0, gcd(r, b) = 1, (h,h) = 2d, and d is an 
odd integer. Set u := (2, h, (d + l)/2). If (v,v) = —2, then v = u. 
Otherwise, (v,u) > and (v,u) is even. Furthermore, (v,u) = 0, if 
and only if v = (2, h, (d — l)/2). 
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Proof. Mh{u) consists of a single isomorphism class. Let E be an 
if-stable sheaf of class u. Then E is necessarily ff-slope-stable and 
locally free [Mu] . M H (v ) is non-empty, by assumption. Let 2n be its 
dimension. Then 2n — 2 = (t>,t>) = 2<ir 2 + 4r6, and 6 = n ~ 1 2 ~ dr2 . If 
n = 0, then r = 1, since 6 is an integer and gcd(r, b) = 1. We conclude 
that v — u, if (f , f ) = —2. 

Assume that v ^ u. Then n > 1. We get the inequality 

x(«) _ 5 + d (4 + <f)r 2 + 1 — n _ x(v) 
2 ~ 4 > ir 2 ~ 2r 

Thus, Hom(F, F) = 0. Similarly, 

Ext 2 (F, F)* = Hom(F, E) Hom(F*, F*) Hom(F*®iJ, = 0, 

since E* ® H = E and F* ® if is an if-slope-stable sheaf of class t> . 
Thus, (17,14) = — x(t7,it) > 0. Furthermore, (v,u) — 2 [r(d — l)/2 + &]. 
If (f , m) = 0, then r divides 6. Hence, r = 1, since gcd(r, b) = 1. If 
r = 1 and (v, u) = 0, then b = (1 — d)/2, as claimed. □ 

Lemma 9.4. Lei F be a locally free H -slope-stable sheaf of class v = 
(2r, rh, — b), where r > 0, gcd(r, b) = 1, (h,h) = 2d, and d is an even 
integer. Set u := (2,h,d/2). If (v,v) = 0, then v = u. Otherwise, 
(u, v) is a positive even number. 

This lemma has a Brill- Noether interpretation as well. Mjj(u) is 
two dimensional and it parametrizes locally-free if-slope-stable sheaves 
[Muj . Let B C M H {u) x M H {v) be the correspondence consisting of 
pairs (E,F), with non- vanishing Hom(F,F). The lemma states that 
if v ^ u, then the expected co-dimension (u, v) + 1 of B is larger than 
2, and so B is not expected to surject onto Mh{v). 

Proof. Set n := (1/2) dim c M H (v) = 1 + (v,v)/2. If n = 1, then 
(v, v) = 0, and so v — ku, for some positive integer k. If k > 1, then 
the moduli space Mn{ku) is the fc-th symmetric product of Mh{u) and 
it consists entirely of if -unstable but if-semistable sheaves. We are 
assuming however the existence of an if -slope-stable sheaf F of class 
v. Hence, k = 1 and v = u. 
Assume that n > 1. We get 

X(v) _ (4 + d)r 2 -n + 1 A + d _ x(u) 
~2r~ ~ ir 2 < 4 ~ 2 

Hence, Hom(F, F) = 0, for every if -slope-stable sheaf E of class u. 
Such a sheaf E is necessarily locally free, and so E* <g> if is if -slope- 
stable of class u. We get also the vanishing of Ext 2 (F,F), by the 
argument used in the proof of Lemma 19.31 We conclude the inequality 
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(u, v) = ~x(E* (g) F) > 0. Furthermore, (u, v) = dr + 2b is even. If 
(u, v) = 0, then (v, v) = 0, and so v — u. The lemma follows. □ 

9.2. Sufficient conditions. 

9.2.1. The case C\(v) = 0. Let r, s be integers satisfying s > r > 2 and 
gcd(r, s) = 1. Set n := rs + 1 and v := (r, 0, — s). A sheaf F of class v is 
if -stable, if and only if it is if-semi-stable (even if H does not generate 
Pic(S'), see |Ma5] . Proposition 4.10 part 1). Hence, Muiy) is smooth 
and projective of dimension 2n. Let Exc C M be the locus of if-stable 
sheaves of class v, which are not locally free or not iJ-slope-stable. Exc 
is clearly a closed subset of M H {v). 

Lemma 9.5. Exc has codimension at least 2 in M. 

Proof. We will use the following notation, in order for large parts of 
the proof to generalize to a proof of Lemma [9 .61 Let u := (1, 0, 1) be 
the class of Os- Set e := rank(u) = 1. 

Step 1: [Jun Li's morphism to the Ulenbeck-Yau compactification] . 
Let Yh(w) be the moduli space of if-slope-stable locally free sheaves 
of class w G K(S). Let v%, . . . , Vk be distinct classes in K(S), with 
Vi = (rj,0, — Si), Ti > 0, (vi,Vi) > —2. Let di, d k be positive 
integers satisfying 

k / k \ 

r = diTi, and d) := s — I rfjSj J > 0. 
i=i \«=i / 

Denote the ci-th symmetric product of Y H (v,i) by Y H (viY d \ Set 

k 

Y{v,d) := JJyH(v0 (di) x SW'®. 

i=i 

Note that for Yff^i) to be non-empty, fj = (r^, 0, — Sj) should satisfy 

(9.1) r, = -Sj = 1, or > n > 2, 

by Lemma I9.2[ If rj = — s» = 1 then = u. 

Let M^iv ) be the moduli space of S'-equivalence classes of if-slope- 
semi-stable sheaves of class v ( [HL] . section 8.2). Then M^ s {y) is a 
projective scheme. Set theoretically, M^ s {y) is the disjoint union of 
all such varieties Y(v, d). There exists a projective morphism 

4> : M H (v) Mg s (v) 

[LI] . Each irreducible component of each fiber of the morphism is 
unirational, as it is dominated by an iterated construction of open 
subsets in extension bundles and bundles of punctual Quot-schemes 
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( [HL] . Theorem 8.2.11). The morphism is thus generically finite, 
since Mh{v) is holomorphic symplectic. 
It suffices to prove the inequality 

dimY(v,d) < dim M H {v) - A, 

for all strata Y(v, d) C M^ ss (v), such that Y(v,a) ^ Y H {v). It would 
then follow that Yjj{v) is non-empty, and the image of is contained in 
the closure Y h(v) oiYn(v) in M^ s {v). Let Yh(v) be the normalization 
of Yjj(v). The morphism would then factors through a surjective 
birational morphism 

<j):M H (v)^Y H (v), 

since Mh{v) is smooth and irreducible, and Exc = Mh{v) — Yh(v) 
would be the exceptional locus of <fi. It would also follow that the 
singular locus of Yjj(v) has co-dimension > 4 in Yjj(v). It would then 
follow that Exc has co-dimension > 2 in Mh{v), by Proposition 13. 51 

Step 2: [Upper bounds for dim Y(v,d)]. Fix a stratum Y(v,d). Set 
t := t(v, d), and v' := (r, 0, t — s). Then v' = X^=i d(Vi. Set 

c(v,d) := dim Mh(v) — dimY(v,d). 

We compute: 

k 

c(v } d) = 2 + {v,v)-^2d i [(v i ,v i ) + 2]-2t 

i=l 

k 

= 2 + 2t(er - 1) + {v', v') - ^ d,- [(«,-, Vi ) + 2] 

i=l 

k k k 

(9.2) = 2 + 2t(er-l) + 53^d i d i (r i s i +r i s0-2^di[r 4 s i + l]. 

i=l j'=l j=l 

Case 1: Suppose that v,- t ^ u, for all i. Then Sj > > 2, for 

1 < i < fc. Write c(V, d) in the form 

fc-1 fc k 

2 + 2t(er - 1) + 2 ^ dj ^ d^r^- + r jSi ) + 2 ^ d;[(d; - l)r^ - 1]. 

i=l j=i+l i=l 

Case 1.1: Assume that k — 1. Then 

c(v, d) = 2 + 2t(er - 1) + 2di[(di - l)nsi - 1]. 

Case 1.1.1: If d\ = 1, then c(v,d) = 2t(er - 1) > 4t. If t = 0, we are 
in the open subset where F is locally free and if -slope-stable. If t > 0, 
we see that indeed c(V, dj > 4. 
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Case 1.1.2: If d] > 1, then 2di[(d\— l)rjSi— 1] is a positive even number, 
so c(tf, d) > 4 + 2t(er - 1) > 4. 
Case 1.2: Assume that k > 1. Then 



c(v, d) 
.4 



2 + 2t(er-l) + 2(^4 + 5), where 



fc-i 



5> 



i=l 



+ [{di - l)r lSl - 1] 



\J=i+l 

B = d k [(d k - l)r k s k - 1]. 

We are assuming that Sj > rj > 2. Hence, (rjSj + r^Sj) > 2rj7\,- > 8. 
Hence, A > 7. Now B > 0, if 4 > 1, and 5 = -1, if d k = 1. The 
desired inequality c(v, d) > 4 follows. 

Case 2: Assume that v i = w. Note that riSi + 1 = and riSj + TjS\ = 



c(v, d) 
A 



(u,Vj). Equation (I9.2p becomes 

A + B + C, where 
2 + 2t(er - 1) - 2d\ 



B 



C 



2di S ^ / dj{sj — Tj) = 2di(u,v' — diVi) = 2d 1 (2d 1 + s — r — et). 

i=2 

k k k 
i=2 j=2 i=2 

Note the equality 

A + B = 2 + 2t(er - ed x - 1) + 2di(s - r + di). 

Case 2.1: Assume that k — 1. Then r = di, t = (r + s)/e, and 

c(v, d) = A = 2 + 2[(r + s) (r - ±) - r 2 ] > 2 + 2[(s - l)(r - 1) - 1] > 

2r(r - 1) > 12. 

Case 2.2: Assume that k > 2. Then 1 < ed\ < er — d 2 r 2 < er — 2. So 

A + B > 2 + 2t + 2d 1 (s -r + 1) > 2 + 4di > 6. 

fc-i fc fc 

C/2 = 2j d i d j( r i S j + T i S i) + ~ d i( r i S i + 1)] 

i=2 j=i+l i=2 



fc-1 
2* 



i=2 



+ [(di - i)nsi] - l 



^ ^ dj(TiSj -\- Tj'Sj 

LM+i 

+4[(4 - i)^fcs fc - l]. 

If k = 2 and c?2 = 1, then C = —2. Otherwise, C > 0. We conclude 
that c(V, d) > 4. This completes the proof of Lemma [9. 51 □ 
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9.2.2. The case with slope equal one half. Let r be a positive odd inte- 
ger, a a positive integer, and set n := ra+1. Assume that r > 3, a > 3, 
and gcd(r, a) = 1. Let S be a K3 surface with a cyclic Picard group 
generated by an ample line-bundle H. Set d := deg(if)/2. Choose 
(S, H), so that a and d have the same parity. If d is odd, assume that 
a > r, possibly after interchanging r and a. Set h := C\{H) and t> : = 
(2r, r/i, —6), where 6 := [cr — rd]/2. Note that gcd(r, 6) = gcd(r, a) = 1. 
Hence, v is a primitive class in K(S), (v,v) = 2n — 2, and the moduli 
space M H {v) is smooth and projective of type K3^ n K Let Exc C M H {v) 
be the locus parametrizing sheaves F, which are not locally free or not 
i7-slope-stable. 

Lemma 9.6. Exc is an algebraic subset of co-dimension^ > 2 in 
M H (v). 

Proof. Proof in the case d is odd: When d is odd, then a is odd. 
Set u := (2, h, (d + l)/2) and s := r + (v, u). Then s = a is odd. Thus, 
s > r, by assumption, and s — r is even, so s > r + 2. 

Given an iJ-slope-stable locally free sheaf Fi of class = (2rj, r^/i, — 
set Sj := rj + (fj, w). If fj = u, then Sj = —1. If v i ^ u, then s 4 > rj, by 
Lemma [9.31 Furthermore, Sj = r,, if and only if Vi = (2, /i, (d — l)/2). 
If f i m and s« 7^ r«, then s« > rj + 2, since Sj — is even, by Lemma 
[931 

With the above notation of s and s«, the proof is almost identical 
to that of Lemma 19.51 Following are the necessary changes. Replace 
the class (1, 0, 1) by the class u defined above. Then e = rank(w) = 2. 
Set A := (0,0,-1). Then (u, A) = 2 and (A, A) = 0. With the above 
definition of Sj, we have Vi = r(a + A. Hence, 

(vi,Vj) = riSj+rjSi, 

as in the proof of Lemma 19.51 
Equation ( 19. II) is replaced by 

n = Si = 1, or Si = n = 1, or s; > + 2 > 3, 

by Lemma [9~3l Equation (19.21) . for the co-dimension c(v, d) of Y(v, d), 
remains valid. The argument for case 1.1.1 remains valid. In case 1.1.2 
the term 2di[(d 1 — l)r 1 s 1 — 1] vanishes, if d\ — 2 and r\ — S\ — 1. 
However, in that case (u,v') = (u,2vi) = and 2rt = (u,v — v') = 
(u, v) = s - r > 0. So t > and c(v, d) = 2 + 2t(2r - 1) > 4. 

In case 1.2 we are no longer assuming that r« > 2. However, since all 
Vi are different from u, and k > 1, then at least one f,, say t>i, is different 



Note that the assumption a > r, adopted above when d is odd, is necessary, 
since otherwise Exc = Mh{v), by Lemma 19. 31 
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from (2, h, (d + l)/2). Then s x > r x + 2 > 3. Thus riS2 + T2S% > 4 and 
A > 3. The rest of the argument in case 1.2 is identical. 

In case 2, the equations for c(v, d), A, B, and C, remain valid. The 
argument in case 2.1 remains valid. The inequality er — dzr^ < er — 2, in 
the first line of case 2.2, need not hold. Nevertheless, er—edi > ec?2 > 2. 
So 

A + B > 2 + 2d 1 (s - r + 1) > 2 + 6rfi > 8. 

The rest of the argument remains valid. 

Proof in the case d is even. When d is even then a is even. Set 
u := (2, h, d/2). By assumption, r > 3, s > 3, and gcd(r, s) = 1. 

Given an f/-slope-stable sheaf of class Vi = (2rj, Tj/i, — with 
r.j > 0, set (jj := (m, t> j) = 26j + fjC?. If Vi = u, then cr, = 0. If 
fj 7^ w, then cr^ is a positive even integer, by Lemma 19.41 Note also 
that (u, v) = a. 

The proof is again almost identical to that of Lemma 19.51 Following 
are the necessary changes. Replace the class (1,0,1) by the class u 
defined above. Then e = rank(w) = 2. Set A := (0,0,-1). Then 
(u, X) = 2 and (A, A) = 0. With the above definition of <7j, we have 
Vi = TiU + (y) A. Hence, 

(vi,Vj) = r,a l ■ fjO,. 

and we replace by <7j in the proof of Lemma 19.51 Then Equation 
(19.21) . for the co-dimension c(v, d) of Y(v, d), remains valid. 
Equation (19 .ip is replaced by 

Vi = u, or (jj is a positive even integer, 

by Lemma [9.41 The argument for case 1.1 remains valid. 

In case 1.2 we are no longer assuming that > 2. However, since all 
the Vi are different from u, then (jj > 2, for all i. Thus, r\02 + ^2^1 > 4 
and A > 3. The rest of the argument is identical. 

In case 2, v± — u, <J\ — 0, and {r\(jj + Vj<j\) = aj = (u,vj). Then 
c(v, d) = A + B + C, where 

A = 2 + 2t(er-l), 

k 

B = 2di dj(7j = 2di(u, v — d\V\) = 2d\{a — et), 

and C remains the same. Then 

A + B = 2 + 2t(er - ed x - 1) + 2d x <r. 

In case 2.1, r± — d x , v' — ru, et — (v — v', u) = a, and c(v, d) = A = 
2 + cr(er - 1). Hence c(v, d) > 17. 
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In case 2.2 we assume that k > 2 and so e(r — di) > 2. So A + S > 
2 + 2g?i cr > 8. The rest of the argument is the same. This completes 
the proof of Lemma 19.61 □ 



10. Examples of prime exceptional divisors 

Let e, E and X be as in Theorem 11.21 Set n := dimc(X)/2. The 
pair (X, E) has the following elementary invariants: 

(1) ( e , e) = -2, or (e, e) = 2 - 2n. 

(2) The divisibility div(e, •) of the class (e, •) in H 2 (X, Z)* is equal 
to (e, e) or (e, e)/2. 

(3) Write [E] = ke, where e is a primitive class in H 2 (X, Z). Then 
k — 1, or A; = 2. 

Set [£] v := 'gj^g . We have [£] v = e v or [£] v = 2e v , where e v 
is a primitive class in H2(X,Z), and the coefficient is determined by 
Lemma [3.71 in terms of the invariant div(e, •) and the coefficient k in 
(131) above. In particular, if div(e, •) = (e, e)/2, then [E] = e, by Lemma 

Ed 

Theorem 10.1. Let X be a smooth projective holomorphically sym- 
plectic variety, and E a prime divisor on X . 

(1) f]D] . Theorem 1.3) Assume that through a generic point of E 
passes a rational curve of class t € H 2 (X, Z) ; snc/i t/iat [E] ■£ < 
0. T/ien E is an exceptional divisor. 

(2) Let E and £ be as in part U\ and tt : X' — > Y the birational 
contraction of E introduced in Proposition \3.1\ Then Y has Ai 
singularities away from its dissident locus, and % = 1 or i = 2. 

[£] v if i = 1, 



Furthermore, 



Proof. We need only prove part [2j K has A\ or singularities, by 
Corollary l3.6l The morphism it restricts to a rational morphism from E 
to Y, whose generic fiber is a rational curve, by the proof of Proposition 
1.4 in [D]. The class I must be the class of an irreducible component of 
the generic fiber of the restriction of 7r to E, by the uniqueness of the 
family of rational curves, which dominates E ([D], Proposition 4.5). 
The equality I = ^[E] v follows from part [T] of Corollary 13.61 □ 

We will say that the prime exceptional divisor is of type Ai, if the 
variety Y in part [2] of Theorem 110.11 has A4 singularities away from its 
dissident locus. All prime exceptional divisor studied in this paper are 
of type A\. 
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10.1. Brill-Noether exceptional divisors. Let S be a K3 surface, 
Fq a simple and rigid coherent sheaf, i.e., a sheaf satisfying End(F , F ) = 
C, and Ext 1 (i 7 o, Fq) = 0. Then the class vq of Fq is a primitive class in 
K(S) with (vq,vq) = —2. Example of exceptional divisors E of degree 
—2 in moduli spaces of sheaves on S seem to arise as Brill-Noether loci 
as follows. Let v G K(S) be a class satisfying (v ,v) = 0, and such 
that there exists a smooth and compact moduli space M(v) of stable 
sheaves of class v. The locus M(v) 1 , of points representing sheaves 
F with non- vanishing Ext 1 (F, F ), is often an exceptional divisor of 
degree —2. The examples considered in this section are all of this type. 

Example 10.2. The case n > 2, (e, e) = —2, and div(e, •) = 1. Let 
S be a K3 surface containing a smooth irreducible rational curve X. 
Let E C S^ n \ n > 2, be the divisor consisting of length n subschemes 
intersecting £ along a non-empty subscheme. The class [E] is identified 
with [£], under the embedding of 22 2 (£, Z) as an orthogonal direct 
summand in the decomposition (14. ip of H 2 (S^ n \ Z). Thus ([E], [E]) = 
([£], [£]) = -2 and div([25],«) = 1. 22 is of type A x . Let F be the 
direct image of 0%(— 1) and t> £ 2T(S') the class of F . Then v Q is 
orthogonal to the class of the ideal sheaf Iz of a length n subscheme 
Z of 5, and E is the Brill-Noether locus, where Ext 1 (2^,F ) does not 
vanish. 

Let S be a projective K3 surface, with a cyclic Picard group gen- 
erated by an ample line-bundle H of degree d > 2. In the remain- 
der of this section the simple and rigid sheaf Fq will be Os- Then 
Ext^F, Os) = 22 1 (F)*, by Serre's Duality. We will need the following 
results. 

Lemma 10.3. ^[Mafj, Lemma 3.7 part 3) Let F be an H-stable sheaf 
on S of rank r and determinant H , and U C H°(F) a subspace of 
dimension r' < r. Then the evaluation homomorphism U ® Os — > F 
is injective and its co-kernel is an H-stable sheaf. 

Consider the Mukai vector v :— (r, 22 , s) and assume that r > and 
r + s > 0. Set v := (1, 0, 1). Let M H (vy be the Brill-Noether locus of 
22-stable sheaves F with > t. 

Theorem 10.4. flMal] . Corollary 3.19, [71] ) 

(1) M H {y) 1 is empty, if and only if M H (v + tv ) is. 

(2) There exists a smooth surjective projective morphism 

ft : [MhW^M^WW] — ► [Mtffr + tuoAMtfCv + tuo) 1 ]. 

(3) TTie /i&er o//t ; ot'er a point representing a sheaf E, is naturally 
isomorphic to the Grassmannian G(t, H°(E)) . Furthermore, 
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H°(E) is r + s + 2t- dimensional, and the dimension t(r + s +t) 
of the fiber is equal to the co-dimension of Mjjiv) 1 in Mjj(v). 
(4) flMa3j . Lemma 4. 11) If s = -r, f/ien M(w) 1 zs a prime divisor 
of class 6(-v ). The class £ G H 2 (M H (v),Z)* of a ¥ l -fiber of 
fx is (0(-u o ),«). 

The embedding H°(E)) ■=— > Mh(v) in part [3] sends a t-dimensional 
subspace [/ C H°(E) to the co- kernel of the evaluation homomorphism 
t/ <S> 05 — > -E 1 - The co-kernel is stable, by Lemma [10.31 

Example 10.5. The case n > 2, (e, e) = —2, and div(e, •) = 1 was 
considered in Example 110.21 Additional examples of such prime ex- 
ceptional divisors are provided in part H] of Theorem 110.41 Mh(v) 1 is 
exceptional, since it is prime of degree —2, by part H] of Theorem 110.41 
Examples of prime exceptional Brill-Noether divisors, for more general 
simple and rigid sheaves, can be found in the work of Yoshioka [Yl] . 

Example 10.6. The case (e, e) = —2, div(e, •) = 2, and [E] = e. 

Assume that n is congruent to 2 modulo 4 and n > 6. Let S be 
a projective K3 surface with a cyclic Picard group generated by an 
ample line-bundle H of degree (H,H) = 2=2. Then h\H 2 ) = 0, 
for i > 0, and h°(H 2 ) = n. Set X := M H (1,H 2 ,-1) £ SH Let 
£ := M H (1, # 2 , -l) 1 be the Brill-Noether divisor in M H (1, if 2 , -1) of 
sheaves F with /^(S, F) > 0. 

We recall the explicit definition of E. Let 7Tj, i = 1,2, be the 
projection from 5 x M#(l, ii 2 , — 1) onto the z-th factor. Let 2 C 
5 x Mff(l, H 2 , —1) be the universal subscheme, and Iz its ideal sheaf. 
Then T := Iz® n\hl 2 is a universal sheaf over 5 x Mh(^,H 2 , -1). 
We have the short exact sequence 

-> ^ -> 7T*iJ 2 -)• C 2 ® 7r*iJ 2 -> 0, 

and the homomorphism of rank n vector bundles 

9 : H°(H 2 ) ® Mir( ,) = 7T 2 , Kii 2 ) — > 7T 2 , (O z (g) TT^ 2 ) . 

The homomorphism (7 is injective, since a generic length n subscheme 
of S induces n independent conditions on a linear system \L\, provided 
the line bundle L on S satisfies h°(L) > n. The Brill-Noether divisor is 

n 

the zero divisor of A g. E is an effective divisor of class 9(— Vq), where 
Vo := (1,0, 1) is the class in K(S) of the trivial line-bundle, and 9 is 
the Mukai isomorphism given in (12. 2p . 

Lemma 10.7. E is a prime exceptional divisor of class e := 9(—vq). 
In particular, (e, e) = —2 and div(e, •) = 2. 

The rest of section 110.11 is devoted to the proof of Lemma 110.71 
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Lemma 10.8. Let F be an H- slope- stable sheaf of class (2,H 2 ,0). 

(1) For every non-zero section s G H°(F), the evaluation homo- 
morphism s : Os — > F has a rank 1 torsion free co-kernel sheaf. 

(2) If e G Ext 1 (0s,F) is a non-zero class and 

0^O s ^G e ^F^0 

the corresponding extension, then the sheaf G e is if -slope-stable. 

Proof. [TJ Denote the co-kernel of s by Q s . If T is a subsheaf of Q s with 
zero-dimensional support, then Ext 1 (T, Os) = 0. Thus, the inverse 
image of T in F would contain a subsheaf isomorphic to T. But F is 
torsion free. Hence, the dimension of the support of any subsheaf of 
Q s is at least 1. 

If T is a subsheaf of Q s of one-dimensional support, then its inverse 
image in F is a rank one subsheaf F' of F with effective determinant 
line-bundle. Hence, det(F') = H k , for some positive integer k. This 
contradicts the slope-stability of F. Hence, Q s is torsion-free. 

|2J) Assume that G e is if -slope-unstable, and let G' C G t be an if- 
slope-stable subsheaf of maximal slope of rank r < 2. If G' maps to 
zero in F, then G' is a subsheaf of Os, and can not destabilize G 6 . For 
the same reason, the slope of the image G of G' satisfies fi{G) > fi{G'). 
Thus rank(G) ^ 1, since otherwise G would destabilize F. Hence, 
rank(G') = 2, G' maps isomorphically onto G, and det(G') = H h , for 
2/3 < k < 2. It follows that k = 2. 

Set Q := F/G. We get the short exact sequence 

Ext 1 (Q, Os) vanishes, since Q has zero- dimensional support. Hence, 
i* : Ext 1 (F, Os) -> Ext 1 (G,0 5 ) Js injective. On the other hand, the 
pullback L*(e) vanishes in Ext 1 (G, Os)- This contradicts the assump- 
tion that e is a non-zero class. □ 

The moduli space Mff(2,H 2 ,0), of if -semi-stable sheaves of class 
(2, if 2 , 0), is known to be an irreducible normal projective variety of 
dimension 2n — 2. Furthermore, the singular locus is equal to the 
strictly semi-stable locus and it has co-dimension 2, if n = 6, and 4, 
if n > 6 ( [KLSj . Theorem 4.4 and Theorem 5.3). A generic if -stable 
sheaf of class (2, if 2 , 0) is if-slope-stable. This is equivalent to the 
corresponding statement for M#(2, 0, 1 — (n/2)), and follows from the 
following lemma. 

Lemma 10.9. Let s be an integer > 2. Then the set of H-stable 
locally free sheaves of class (2, 0, — s) is Zariski dense in M^(2, 0, — s). 
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Furthermore, any H-stable locally free sheaf of class (2, 0, — s) is H- 
slope-stable. 

The proof of the density statement is similar to that of Lemma 19.51 
and is omitted. The case s = 2 is proven in [OG2j . Proposition 3.0.5. 
The second statement is a special case of Lemma 19.11 

Lemma 10.10. Let U C Mff(2,H 2 ,0) be the subset parametrizing H - 
slope-stable sheaves F with ^(F) = 0. Then U is a Zariski- dense open 
subset. 

Proof. Let M» s C Mf (2, H 2 , 0) be the Zariski open subset of #-slope- 
stable sheaves. Let t be the minimum of the set : [F] G M MS }. 

Assume that t > 0. Let U' C M^ s be the Zariski-open subset of 
sheaves F with h l (F) = t. Let p : P — > U' be the projective bundle 
with fiber Piy 1 (F)* over F. P is a Zariski open subset of the moduli 
space of coherent systems constructed by Le Potier in [Le]. A point in 
P parametrizes an equivalence class of a pair (F, £), consisting of an H- 
slope-stable sheaf F of class (2, H 2 , 0) and a one-dimensional subspace 
£ C Ext 1 (F, O s ). We have dim(P) = dim([/') + t- l = 2n + t-3. 
There exists a natural morphism 

/:P _^ M H (3,H 2 ,l), 

sending a pair (F, £) to the isomorphism class of the sheaf Gi in the 
natural extension — > £* <8> — >■ Ge —> F — > 0. Ge is //"-slope-stable, 
by Lemma 110.81 part [2j 

Now h°(G e ) = h°(F) + 1 = t + 3. Furthermore, the data is 
equivalent to the data (Gi,£), where £ is a one-dimensional subspace 
of H°(Gg). Hence, the fiber of /, over the isomorphism class of Ge, 
has dimension at most t + 2. The dimension of M#(3, H 2 , 1) is 2n — 8. 
Thus, dim(P) < 2n + 1 — 6. This contradicts the above computation of 
the dimension of P. □ 

Let G(l, U) be the moduli space of equivalence classes of pairs (F, A), 
where F is an if -slope-stable sheaf of class (2,if 2 ,0) with = 0, 

and A C H°(F) is a one- dimensional subspace. G(1,U) is a Zariski 
open subset of the moduli space of coherent systems constructed by Le 
Potier in [Le] . The forgetful morphism G(1,U) — > U is a P 1 -bundle. 
Let 

V : G(l,U) — M H (1,H 2 ,-1) 

be the morphism, sending a pair (F, A) to the quotient F/[X ® Cg]. 
The morphism ip is well-defined, by Lemma 110.81 part [TJ 
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Lemma 10.11. (1) The divisor E is smooth along the image of ip 
and if) maps G(l, U) isomorphically onto a Zariski open subset 



(2) Let F be an H -slope-stable sheaf of class (2, H 2 , 0) with h l (F) = 
0. Then if)(PH°(F)) is a rational curve of class (9(—Vq),») in 



Proof. [JJ The proof is similar to that of parts 6 and 7 of Proposition 
6.LO m [Mai] . Let us first prove that the morphism if) is injective. Let Q 
be a sheaf represented by the point ip(F, A). We know, by construction, 
that H\F) = 0, for % > 0, and h°{F) = X (F) = 2. Hence, h°(Q) = 1, 
h\Q) = 1, and h 2 (Q) = 0. It follows that dimExt^Q, O s ) = 1, F is 
isomorphic to the unique non-trivial extension of Q by Os, and A is the 
kernel of the homomorphism H°(F) — > H°(Q). Hence, ip is injective. 

The image of ip is Zariski open in E, since it is characterized by 
dim Ext 1 (Q, Os) = 1, and by the if-slope-stability of the unique non- 
trivial extension. G(1,U) is clearly smooth. It suffices to construct the 
inverse of if) as a morphism. This is done as in the proof of Proposition 
3.18 in paT] . 

[2]) Let w G K(S) be a class orthogonal to (1, H 2 , —1). The equality 



follows by an argument identical to the proof of Lemma 4.11 in [Ma3j . 
It follows that ip(FH°(F)) has class (9(-v ), •) in H 2 (M H (1, H 2 , -1), Z). 

□ 

Lemma 10.12. The closure E' of the image ofif> is a prime exceptional 
divisor of class 9{—vq). 

Proof. G(1,U) is a P 1 -bundle over U. Hence G(l, U) is irreducible of 
dimension 2n — 1. The image of if> is irreducible of dimension 2n — 1, 
as if) is injective. Hence, E' is irreducible. The canonical line bundle of 
G(1,U) restricts to the fiber PH°(F) as the canonical line-bundle of the 
fiber, since U is holomorphic-symplectic. The normal of ip(G(l, U)) in 
Mjj(1, H 2 , —1) is isomorphic to the canonical line-bundle of ip(G(l, U)), 
by Lemma fTTTTTl part [TJ Hence, E' ■ ip[PH°(F)} = -2, and E' is 
exceptional, by Theorem 110.11 part [TJ E' is of type Ai, by Lemma 
110.1 II part [Tl The class of E' is 9(—Vq), by Lemma \1 . 1 1 1 and Theorem 



ofE. 



H 2 (M H (1,H 2 ,-1),Z). 




(V Q ,W) 



[TO part 121 



□ 



Proof, (of Lemma I10.7[) E is an effective divisor of class 9{— Vq), by 
definition of E. This is also the class of the reduced and irreducible 
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divisor E' supporting a component of E. Hence, E is reduced and irre- 
ducible. We have the equality ([E],9(x)) = (9(—v ),9(x)) = — (v ,x), 
which is divisible by 2, for all x G (1, H 2 , — 1) ± , since (1, H 2 , — 1) — vq = 
2(0, H, -1). Hence, div([E], •) = 2. □ 

10.2. Exceptional divisors of non-locally-free sheaves. In this 
section we will consider examples of prime exceptional divisors, which 
arise as the exceptional locus for the morphism from the Gieseker- 
Simpson moduli space of if-stable sheaves to the Ulenbeck-Yau com- 
pactification of the moduli space of i7-slope-stable locally free sheaves. 
Such divisors on a 2n-dimensional moduli space seem to have class e 
or 2e, where e is a primitive class of degree (e, e) = 2 — 2n. 

Example 10.13. [Eel] The case n > 2, (e, e) = 2 - 2n, div(e, •) = 
2n - 2, rs(e) = {l,n - 1}, and [E] = 2e. 

Let S be a K3 surface, X := S^ n \ and E C X the big diagonal. 
Then [E] = 2e, for a primitive class e G H 2 (S^- n \ Z), and (e, e) = 
2 — 2n. Hence [E] v = e v , by Corollary 13.61 E is the exceptional locus 
of the Hilbert-Chow morphism — > onto the n-th symmetric 
product. The symmetric product has A\ singularities away from its 
dissident locus. The monodromy-invariant rs(e) is equal to {l,n— 1}, 
by Example 17.21 

The following result will be needed in the next example. 

Lemma 10.14. Let S be a K3 surface, £ a line bundle on S , v = 
(r,£,s) a class in K(S), satisfying (v,v) > 2, and r > 2. Let H be 
a v-generic polarization. Assume given an H -slope-stable sheaf G of 
class (r, C, s + 1) and a point P G S, such that G is locally free at 
P. For each 2- dimensional quotient Q of the fiber Gp, there exists a 
natural embedding 

k : FQ — ► M H (v), 
whose image C := k(¥Q) is a smooth rational curve satisfying 

/ 9{x) = (w,x) = — rank(x), 
Jc 

for all x G v 1 , where w is the following rational class in v L . 
(10.1) w := -^—v + (0,0,1) = —^—(r 2 ,r£,sr + (v,v)). 

(V, V) (V, V) v ' 

Proof. Consider the short exact sequence of the tautological quotient 
bundle q^q over FQ 

-> Ppq(-I) -> Q ® Cpq -> qw Q -> 0. 
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Let 

L : PQ -> 5 x PQ 

be the morphism given by = (P,£)- Let 7Tj be the projection from 
S 1 x PQ onto the z-th factor. Over S x PQ we get the short exact 
sequence 

-> J" -> t*(gpQ) -> 0, 

where j is the natural homomorphism, and JF its kernel. Given a point 
£ G PQ, we denote by I C Gp the corresponding hyperplane. The sheaf 
Ti, i G PQ, is the subsheaf of G, with local sections which values at 
P belong to £. Tt is fZ-slope-stable, since G is. T is thus a family of 
instable sheaves, flat over PQ. Let k : PQ — > Mjj(v) be the classifying 
morphism associated to T . The morphism k is clearly injective. An 
elementary calculation verifies that the differential d^K is injective. 

Let us compose the Mukai isomorphism 9, given in (12.21) . with pull- 
back by k 

v x H 2 (M H (v),Z) H 2 (FQ,Z). 
The composition is given by 

K*(0{x)) = Cl {n 2l [7i[(x v )®F}}. 

Let [J 7 ] be the class of T in K(S x PQ). Then = tt[[G] - n[q ¥Q ]. 
We have the equalities 

Ci{tt 2! (tt}(x v ®G))} = 0, 

ci {vr 2 , (7r[(a; v ) ® mCspq))} = Ci {7r 2 , (rank(a;) ■ fci(ftg))} 

= rank(a;)ci(gpQ). 
We conclude that the following equality holds, for all iGn 1 

/ k*(9(x)) = -iank(x). 
Jvq 

A direct calculation verifies that the class w, given in (110.11) . is or- 
thogonal to v and satisfies (w,x) = — rank(x), for all x G v L . □ 

Example 10.15. Let S be a K3 surface with a cyclic Picard group 
generated by an ample line bundle H. Let b be an odd integer, such 
that there exists a line-bundle C G Pic (S) of degree 2n — 46 — 2, where 
n > 2. If ci(£) is divisible by 2, assume that n > 3. Let i> G if(S') be 
the class (2, C, —b) in Mukai's notation. Then (v, v) = 2n — 2 and the 
moduli space M := Mh{v) is smooth, projective, and 2n-dimensional. 

Let E (Z M be the closure of the locus of points representing if-stable 
sheaves F, which are not locally free, but such that F**/F has length 
one. Let Y be the normalization of the Ulenbeck-Yau compactification 
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of the moduli space of locally free ii-slope stable sheaves of class v. 
Then Y is a projective variety and there exists a morphism <fr : M — > Y , 
which exceptional locus contains |Lij . 

Lemma 10.16. E is a prime exceptional divisor of type A\. The 
class [E] G if 2 (M, Z) is the primitive class e := 9(2, C,n — b — 1). In 
particular, (e, e) = 2 — 2n. 

(1) If the class c\(C) is not divisible by 2, then div(e, •) = n — 1, 

, » _ J {1, n — 1}, i/ n zs even, 
"(e) - | ^ ^ _ x ^ 2 ^ .j n is oM 

(2) If the class c\(C) is divisible by 2, then n = 3 (modulo A), 
div(e, •) = 2n - 2, rs(e) = {2, (n - l)/2}. 

Proof. When the class c\(C) is divisible by 2 then n = 3 (modulo 4), 
since deg(£) = 2ra — 46 — 2 is divisible by 8. In that case n > 7, by 
assumption. 

If F**/E has length one and F is if -stable, then the reflexive hull F** 
is necessarily if-semi-stable^ of class u := (2, £,1 — 6) G K(S). M H (u) 
is irreducible of dimension 2n — 4 and its generic point represents a 
locally free if -slope-stable sheaf. This is clear if ci(C) is not divisible 
by 2. If ci(C) is divisible by 2, this follows from Lemma [10.91 and the 
assumption that n > 7. 

Let U C Mh(u) be the locus of if-stable locally free sheaves. Choose 
a twisted universal sheaf Q over S xU. Then E contains a Zariski dense 
open subset isomorphic to the projectivization of Q. E is irreducible, 
since the moduli space Mh(u) is irreducible. We conclude that E is a 
prime exceptional divisor, since it is contracted by the morphism to the 
Ulenbeck-Yau compactification (also by Theorem HO.ip . Furthermore, 
E is of type A\. 

We calculate next the class [E] y G H 2 (M, Z), given in equation (13. 2p . 
Recall that [E] v is the class of the fiber of E — > Y, by Corollary 13.61 
Fix an ii-slope-stable locally free sheaf G of class u G K(S). Fix a 
point P G S and denote by Gp the fiber of G at P. Let FGp be the 
projectivization of the fiber and denote by 

K : FG P — ► M H (v) 

the morphism given in Lemma [10 .141 Then n(FGp) is a fiber of E — > Y, 
and we get the equality [k(FG p )) = [E] v of classes in H 2 (M,Z). We 



3 The H -semi-stability is proven by an easy modification of the proof of |Ma5j . 
Proposition 4.10, Part 1. The assumption that the rank is 2 is needed. 
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conclude that the following equalities hold, for all x G v 




J[E]v 



where w = (2, £, n — b — 1), by Lemma [10. 141 

The class [E] is the unique class in H 2 (M, Z) satisfying the equality 



for all x G v ± , by Corollary I3.6L Now (w, w) = 2 — 2n and so the 
equality [E] = 6{w) follows from equation (110.21) . Hence, ([E], [E]) = 
(0{w), 0(w)) = 2 — 2n. The class [E] is primitive, since w is. 

Let us calculate div(e, •). The class x = (p,£',cr) belongs to v -1 , if 
and only if bp = 2a — (£, £'). Hence, (e, 9(x)) = (w, x) — (1 — n)p. If 
ci(C) is divisible by 2, then every integral class x G v x has even rank 
p, and so div(e, •) = 2n — 2. If c\{£) is not divisible by 2, choose a line 
bundle £', such that (£,£') is odd and set cr := [(£,£') + 6]/2. Then 
(1, cr) belongs to f ± . Hence, div(e, •) = n — 1. 

The pair (L, e), given in equation (16.11) . may be chosen to consist of 
the saturation L in K(S) of the lattice spanned by the classes v and 
w = 8~ l (e), by Theorem 12.11 The largest integer dividing w — v = 
(0, 0, n — 1) is a := n — 1. Now w + 1> = (4, 2£, n — 1 — 26). The largest 
integer p dividing w + v is 4, if ci(£) is divisible by 2. Otherwise, 
p = 1, if n is even, and p = 2, if n is odd. The invariant rs(e) is then 
calculated via the table after Lemma 16.41 □ 

11. Examples of non-effective monodromy- reflective 



Let S be a projective K3 surface with a cyclic Picard group generated 



by an ample line-bundle H. Set h := C\(H) G H 2 (S,1). Set d := 



11.1. Non-effective classes of divisibility div(e, •) = 2n — 2. 

Let r, s be integers satisfying s > r > 2 and gcd(r, s) = 1. Set 
n := rs + 1. Set u := (r, 0, — s), e := 0(r, 0,s), and M := M H (v). 
M is smooth and projective of dimension 2n. Let £ G Pic(M) be 
the line-bundle with class e. Let Exc C M be the locus of if-stable 
sheaves of class v, which are not locally free or not if-slope-stable. 
Exc is a closed subset of co-dimension > 2 in M, by Lemma 19.51 
Let M° be the complement M \ Exc of Exc and rj : M° — > M the 
inclusion. The restriction homomorphism 77* : H 2 (M, Z) — > H 2 (M°, Z) 
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is an isomorphism. Let <fi : M° — > M° be the involution sending a 
point representing the sheaf F, to the point representing F*. Set ip : = 
(?7*) _1 o 0* o 77*. 

Proposition 11.1. (1) The class e is monodromy-reflective, (e, e) = 
2 — 2n ; div(e, •) = 2n — 2, and rs(e) = {r, s}. 

(2) Let R e : H 2 (M,Z) -> H 2 (M,Z) be the reflection by e. Then 
R e {9{\)) = -9(\ y ), for all X G v L . 

(3) V = Re- 

(4) H°(M,C k ) vanishes, for all non-zero integral powers k. 

Proof. Part [1] was proven in Example 17.21 Set e := (r, 0, s) G f -1 . Part 
H follows from the fact that : w x -> # 2 (M, Z) is an isometry, and the 
equality -Rg(A) = — A v , for all A G f -1 . Part H] follows from part [3], via 
Observation 11.131 We proceed to prove part [3J We need to prove the 
equality 

<f>*(v*(y)) = V*Re(y), for all y G H 2 (M,Z). 

Let 7Tj be the projection from S x M° onto the i-th factor, i — 1, 2. 
Let JF be a universal sheaf over 5 x M, its restriction to 5 x M°, 
and [Q] its class in K(S x M°). The morphism 6: M° -> M° satisfies 

for some line bundle A G Pic(M°). We have the commutative diagram 
K(S x M) if (5 x M°) 

7T2, I I 7T 2 , 

if(M) X if(M°), 

by the Kiinneth Theorem |Atj . Hence, 

r ] *6(x)=c 1 [ix % (7ri(x v ) ® [£])] , 

for all x £ v <Z K(S). This explains the first equality below. 

r(v*0(x)) = Cl {0V 2! (7rl(x v )®[^])} 

= cxj^, (7ri(a; v )®(idx0) ! [g])} 
= Cl {7r 2! ( 7 ri(x v )®([^®7r 2 [A]) v )} 
= -ci{7r 2l (7r-(z)®([e?]®7r 2 [A]))} 
= r/^(-x v ) = V *(R e (6(x))). 



The fourth equality follows from Grothendieck-Verdier duality, the fifth 
is due to the fact that 9 is independent of the choice of a universal sheaf, 
and the sixth follows from part [2J □ 



PRIME EXCEPTIONAL DIVISORS 



59 



11.2. Non-effective classes of divisibility div(e, •) = n — 1. 
Let r be a positive odd integer, a a positive integer, and set n := ra + 1. 
Assume that r > 3, a > 3, and gcd(r, a) = 1. Let S be a K3 surface 
with a cyclic Picard group generated by an ample line-bundle H. Set 
d := deg(H)/2. Choose (S,H), so that a and d have the same parity. 
If d is odd, assume that a > r, possibly after interchanging r and a. 
Set h := Ci(if) and 

v := (2r, r/i, —6), 

where b := [cr — r<i]/2. Note that gcd(r, b) = gcd(r, cr) = 1. Hence, 
v is a primitive class in K(S), (v,v) = 2n — 2, and the moduli space 
M H (v) is smooth and projective of type K3^ n K Let Exc C M H (v) be 
the locus parametrizing sheaves F, which are not locally free or not H- 
slope-stable. Exc is an algebraic subset of co-dimension > 2 in Mh(v), 
by Lemma [9. 61 

Let M° be the complement M \ Exc and r] : M° — > M the inclusion. 
Let <p : M° — > M° be the involution sending a point [F], representing 
the sheaf F, to the point representing F* (g) if. The homomorphism 
7]* : H 2 (M,Z) — > H 2 (M°,Z) is an isomorphism, by Lemma [9T6l Set 
■0 := (rf) -1 o 0* o r^*. 

Set e := (2r, r/i, a — b). Note that gcd(r, cr — 6) = gcd(r, 2cr — 2b) = 
gcd(r, a + rd) = gcd(r, cr) = 1. Hence, e is a primitive class in v 1 - of 
degree (e, e) = 2 — 2n. 

Lemma 11.2. 



(2) L and rs(e) 



(1) The class 8(e) is monodromy-reflective and div(6 l (e), •) — n — 1. 

H ev and {r,a} if a is odd {n even), 
U(2) and {r, cr/2} if a is even (n odd). 

(3) Let R e : v x — > v 1 - be the reflection by e. Then R e (\) = 
-[\ V }®H, for all A G v ± . 

(4) V = Re- 

(5) Lei C be the line-bundle on M H {y) with C\(C) = 0(e). Then 
H°(Mh(v), C k ) vanishes, for all non-zero integral powers k. 

Proof. [Q Let A := (x,c,y) G K(S). Then A belongs to f -1 , if and 
only if r(h,c) — 2ry + bx = 0. In particular, x is divisible by r, since 
gcd(r, b) = 1. Now (A, e) = (A, v) — xo = —xo. Thus (e, A) is divisible 
by ro~ = n — 1. There exists a class c G H 2 (S,7*), satisfying (c,h) = 
—b, since the class h is primitive and H 2 (S,Z) is unimodular. Then 
the class A := (r, c, 0) belongs to f -1 , and (e, A) = — ro = 1 — n. 
Hence, div(6'(e), •) — n — 1. The class 9(e) is monodromy-reflective, by 
Proposition 11.51 
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[2]) If a is odd, then n = ro + 1 is even, and L = H ev , by Lemma 
17.31 Now (e — v)/a = (0,0, 1) is primitive. Hence, rs(e) = {r, a}, by 
Lemma 16.41 If a is even, then n is odd and d is even. The classes 
a := (e — v )/a = (0, 0, 1) and j3 :— (e + u)/2r = (2, ft,, d/2) are integral 
isotropic classes and (a, 0) = —2. Hence, spans the primitive 

sublattice L = U(2). Consequently, rs(e) = {r,a/2}, by Lemma l6\4l 

Part [3] is verified by a straightforward calculation. Part H] follows 
from part [3] by the same argument used in the proof of Proposition 
111.11 Part [5] follows from part HI by Observation 11.131 □ 

Example 11.3. Let r and s be positive integers satisfying s > r, 
one of r or s is even, and gcd(r, s) = 1. Set n = 4rs + 1. Note 
that n = 1 (modulo 8). Let S be a i^3 surface with a cyclic Picard 
group generated by an ample line bundle H. Set h := C\{H) and 
g? := (h,h)/2. Assume that d is odd. Then r + sd is odd, since r 
and s consist of one odd and one even integer, by assumption. Set 
v := (4r, 2rh, —s + rd) and e := (4r, 2rh, s + rd). Then the classes v 
and e are primitive, (e,v) = 0, (v,v) = 2n — 2 and (e, e) = 2 — 2ri. 
We have (e + v)/2r = (4,2h,d) and (e - u)/2s = (0,0,1). Hence, 
L = H ev , by Proposition 16.21 Thus rs(e) = {r, s}, by Lemma [631 
Let Exc C Mh{v) be the locus parametrizing sheaves which are not 
locally-free or not if-slope-stable. Exc is an algebraic subset of co- 
dimension > 2 in Mjj(v), by the proof of the odd d case of Lemma 
19.61 (the symbol r in that proof should remain rank(i>)/2 and so should 
be set equal to twice the symbol r above, and similarly the symbol s 
in that proof should be set equal to twice the symbol s above). Let 
£ be the line bundle over Mh{v) with ci(£) = 9(e). We conclude 
that H°(Mh(v), C k ) vanishes, for all non-zero integers k, by the same 
argument used to prove Lemma [11.21 
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